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Abstract 

We study continuous Anderson Hamiltonians with non-degenerate single site probability distribution 
of bounded support, without any regularity condition on the single site probability distribution. We prove 
the existence of a strong form of localization at the bottom of the spectrum, which includes Anderson 
localization (pure point spectrum with exponentially decaying eigenfunctions) with finite multiplicity of 
eigenvalues, dynamical localization (no spreading of wave packets under the time evolution), decay of 
eigenfunctions correlations, and decay of the Fermi projections. We also prove log-Holder continuity of 
the integrated density of states at the bottom of the spectrum. 

Keywords. Anderson localization, dynamical localization, random Schrodinger operator, continuous An- 
derson model, integrated density of states 
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Introduction 

Anderson Hamiltonians are alloy-type random Schrodinger operators on L^(M'') that model the motion of 
an electron moving in a randomly disordered crystal. They are the continuous analogue of the Anderson 
model, a random Schrodinger operator on £'^{'Z'^). 

In this paper we prove a strong form of localization at the bottom of the spectrum for Anderson Hamil- 
tonians with a non-degenerate single site probability distribution with compact support, without any regu- 
larity condition on the single site probability distribution. This strong form of localization includes Ander- 
son localization (pure point spectrum with exponentially decaying eigenfunctions) with finite multiplicity 
of eigenvalues, dynamical localization (no spreading of wave packets under the time evolution), decay of 
eigenfunctions correlations, and decay of the Fermi projections. We also prove log-Holder continuity of the 
integrated density of states at the bottom of the spectrum. 

Localization for random Schrodinger operators was first established in the celebrated paper by Gol'dsheid, 
Molchanov and Pastur BGoMPII for a certain one dimensional continuous random Schrodinger operator. Lo- 
calization is by now well established for one and quasi-one random Schrodinger operators OKuSl lLl lKlMPI 
ICKM, KlLSl fStollDSSll . 

In the multi-dimensional case there is a wealth of results concerning localization for the (discrete) 
Anderson model and the (continuous) Anderson Hamiltonian as long as the single site probability dis- 
tribution has enough regularity (absolutely continuous with a bounded density. Holder continuous, log- 
Holder continuous). In this case Anderson and dynamical locaUzation are well established, e.g., IIFrSI 
iMSn IFrMSS' 'DelLSJ ISlWl ISVWl |Drl iDrKTl [Spl lDrK2l lAMl [KIT, TxT, lA] lASFHI IW2l lKlo4l [HoM 



ICoHn iKlo2. GDB. lFK2l[KiSSTllKiSS2LfDSlfGKl 



, [GKg . [GK4l JXENSS , K12l . Localization is also known 



in a random displacement model where the displacement probability distribution has a bounded density 
HKlo 1 1 IGhKll KloLNSTl . for a class of Gaussian random potentials I FiLMH Ul lLeMW I. and for Poisson mod- 
els where the single-site potentials are multiplied by random variables with bounded densities | MS2 CoH 1 1 . 
What all these results have in common is the availability of random variables with sufficiently regular 
probability distributions, which can be exploited, in an averaging procedure, to produce an a priori Weg- 
ner estimate at all scales (an estimate on the probability of energy resonances in finite volumes), e.g., 
llWellFrSllHoMIICKMllComiKlollCom fH 
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In contrast, for the most natural random Schrodinger operators on the continuum (cf. ILiGPI Subsec- 
tion 1.1]), the Bernoulli- Anderson Hamiltonian (simplest disordered substitutional alloy) and the Poisson 
Hamiltonian (simplest disordered amorphous medium), localization results in two or more dimensions were 
much harder to obtain. The Bernoulli- Anderson Hamiltonian is an Anderson Hamiltonian where the single 
site probability distribution is the distribution of a Bernoulli random variable, and the Poisson Hamilto- 
nian is a random Schrodinger operator corresponding to identical impurities placed at locations given by 
a homogeneous Poisson point process on M'*. In both cases the random variables with regular probability 
distributions are not available, so there is no a priori Wegner estimate. 

Bourgain and Kenig iBoKil proved Anderson localization at the bottom of the spectrum for the Bernoulli- 
Anderson Hamiltonian. In their remarkable paper the Wegner estimate is established by a multiscale anal- 
ysis using "free sites" and a new quantitative version of the unique continuation principle which gives a 
lower bound on eigenfunctions. Since this Wegner estimate has weak probability estimates and the underly- 
ing random variables are discrete, they also introduced a new method to prove Anderson localization from 
estimates on the finite-volume resolvents given by a single energy multiscale analysis. The new method 
does not use spectral averaging as in [ DelLSI ISiWI ICoHTI . which requires random variables with bounded 
densities. It is also not an energy-interval multiscale analysis as in |FrMSS DrKl , FK2, GKTI IK12I1 . which 
requires better probability estimates. 

Germinet, Hislop and Klein tGHK 1 i rGHK2l [GHK3[1 established Anderson localization at the bottom 
of the spectrum for the Poisson Hamiltonian, using a multiscale analysis that exploits the probabilistic 
properties of Poisson point processes to control the randomness of the configurations, and at the same time 
allows the use of the new ideas introduced by Bourgain and Kenig. 

Aizenman, Germinet, Klein, and Warzel I AGKW | used a Bernoulli decomposition for random variables 
to show that spectral localization (pure point spectrum with probability one) for Anderson Hamiltonians 
follows from an extension of the Bourgain-Kenig results to nonhomogeneous Bernoulli- Anderson Hamilto- 
nians, which incorporate an additional background potential and allow the variances of the Bernoulli terms 
not to be identical but only uniformly positive. Such random Schrodinger operators are generalized An- 
derson Hamiltonians as in Definition l2.2l for which we prove Anderson and dynamical localization in this 
paper, thus providing a proof of the required extension stated in | AGKW, Theorem 1.4]. 

In this article we provide a comprehensive proof of locaUzation for Anderson Hamiltonians, drawing 
on the methods of iF^IFrMSSIlDrETIICoHlllFOlGKTllGKellKll and incorporating the new ideas of 
BBoKH . We make no assumptions on the single site probability distribution except for compact support. (The 
proof can be extended to distributions of unbounded support with appropriate assumptions on the tails of 
the distribution.) We perform a multiscale analysis to obtain probabilistic statements about restrictions of 
the Anderson Hamiltonian to finite volumes. From the conclusions of the multiscale analysis we extract 
an infinite volume characterization of localization: a probabilistic statement concerning the generalized 
eigenfunctions of the (infinite volume) Anderson Hamiltonian, from which we derive both Anderson and 
dynamical localization, as well as other consequences of localization, such as decay of eigenfunctions 
correlations (e.g., SULE, SUDEC) and decay of the Fermi projections. 

This new infinite volume description of localization (given in Theorem ll.2llBl i) yields all the manifes- 
tations of localization that have been previously derived from the energy interval multiscale analysis for 
sufficiently regular- single site probability distribution IIFrMSSI IDtKTI I^Bl [PSl lGKl1,[GK6l[Kll . This 
description may also be derived from the energy interval multiscale analysis (see Remark [L7] l: it is implicit 
in IIGK6II . One of the main achievements of this paper is the extraction of such a clean and simple statement 
of localization for Bernoulli and other singular single site probability distributions. 

We give a detailed account of this single energy multiscale analysis, which uses 'free sites' and the 
quantitative unique continuation principle as in OBoKI to obtain control of the finite volume resonances. 
We also explain in detail how all forms of localization can be extracted from this single energy multiscale 
analysis. To put this extraction in perspective, Frohlich and Spencer, in their seminal paper [FrS |, obtained 
a single energy multiscale analysis for the discrete Anderson model with good probability estimates, but 
were not able to derive Anderson localization from their result. The desired localization was later obtained 
from a multiscale analysis by two different methods. Spectral averaging gets Anderson localization from 
a single energy multiscale analysis as in IFrSj . but requires absolutely continuous single site probability 
distributions with a bounded density ODelLSI ISiWI ICoHlL Anderson localization, and later dynamical 
localization, can be proven from an energy interval multiscale analysis using generaUzed eigenfunctions 
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IIFrMSSI IDrKll iDSl IGKU IK12I1 . None of these methods were available in Bourgain and Kenig's setting. 
Spectral averaging is not feasible for Bernoulli random variables, and the energy interval multiscale analysis 
requires better probability estimates than possible using the quantitative unique continuation principle. In 
response, Bourgain and Kenig developed a new method for obtaining Anderson localization from a single 
energy multiscale analysis, using Peierl's argument, generalized eigenfunctions, and two energy reductions 
[BouK, Section 7] . (Their method is simpler in the setting of [FrS], where the second energy reduction 
is not needed-see Remarks 16. 131 and 16. 141 ) In this paper we combine the ideas of [BouK, Section 7] with 
methods we developed in [GKl, GK6] to extract all forms of localization from a single energy multiscale 
analysis, giving a detailed account of all steps. 

We also derive log-Holder continuity of the integrated density of states from the conclusions of the 
multiscale analysis. The multiscale analysis requires the probabilistic control of finite volume resonances 
subexponentially close to the given energy (and no more, as noted in IIDrKlll '). In IIBoK I and in this article, 
this control is obtained as part of the multiscale analysis. We show that, in the presence of a multiscale anal- 
ysis, log-Holder continuity of the integrated density of states is the infinite volume trace of this probabilistic 
control (the 'Wegner estimate'). 

The integrated density of states of the discrete Anderson model is always log-Holder continuous HCrSl . 
If the single site probability distribution is continuous (i.e., it has no atoms), then the integrated density 
of states for both discrete Anderson models and continuous Anderson Hamiltonians has at least as much 
regularity as the concentration function of this probability distribution |CoHK2|. Although for the discrete 
Anderson model there is an easy proof of continuity of the integrated density of states for arbitrary single 
site probability distribution fDelSl, for the continuous Anderson Hamiltonian it is not even known if the 
integrated density of states is always a continuous function if this probability distribution has an atom. 

Neither Anderson localization nor dynamical localization carry information about the regularity of the 
integrated density of states. Roughly speaking, dynamical localization and regularity of the integrated den- 
sity of states carry complementary types of information. This is made more precise in 1GK5|, where we 
showed that for Anderson Hamiltonians with an a priori Wegner estimate, dynamical localization is nec- 
essary and sufficient to perform a multiscale analysis. The multiscale analysis contains more information 
than just localization properties: it also encodes regularity of the integrated density of states. This fact has 
been overlooked, since, previous to the multiscale analysis in OBoKH . all multiscale analyses for Anderson 
models were performed with an a priori Wegner estimate which readily implied regularity of the integrated 
density of states, even without localization. In view of our results in [GK5 |, we may argue that, by proving 
both localization and log-Holder continuity of the integrated density of states, we have extracted from the 
multiscale analysis all the encoded information. This 'philosophical' remark would become a mathematical 
statement if we could prove that localization combined with the log-Holder continuity of the integrated 
density of states is enough to start a multiscale analysis, extending the results of IIGK5II to the setting of this 
article. 

The strong localization results, including Anderson localization and dynamical localization, and the log- 
Holder continuity of the integrated density of states, presented in this paper for Anderson Hamiltonians, are 
also valid for Poisson Hamiltonians using the probabilistic properties of Poisson point processes to control 
the randomness of the configurations as in l,GHK2,l . 

It remains a challenge to prove locaUzation for other random Schrodinger operators with no assumptions 
on the single site probability distribution except for compact support (e.g., for a Bernoulli distribution). In 
particular, there is no proof of localization for the multidimensional discrete Bernoulli- Anderson model, for 
which everything in OBoKII and this paper is valid except for the quantitative unique continuation principle; 
there is no unique continuation principle for discrete Schrodinger operators, where non-zero eigenfunctions 
may vanish on arbitrarily large sets [J, Theorem 2]. The same applies to random Landau Hamiltonians 
0CoH2l rWri IGKS fl IGKS21I GKMH . where, although the unique continuation principle holds, an appropriate 
quantitative unique continuation principle is missing. (There is a quantitative unique continuation principle 
for Landau Hamiltonians, but it comes with the exponent 2 instead of | |Da|. The multiscale analysis 

requires an exponent < , as discused in Remark |4~8] Note that | < < 2.) The same is also 

true for a continuous alloy-type random Schrodinger operators with single site potentials of indefinite sign 
0Klo2l [KloNi IHKIl . where, although we have the quantitative unique continuation principle, it cannot be 
used to control the finite volume resonances. 
This article is organized as follows: 
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1 Main results: In Section [T] we define Anderson Hamiltonians and state our main results, Theorem 1 1.2 1 
and Corollarv ll.4| 

2 Anderson Hamiltonians: In Section |2] we introduce (normalized) generalized Anderson Hamiltonians, 
finite volume operators, and prove some basic deterministic properties. We always work with generalized 
Anderson Hamiltonians in the following sections. 

3 Preamble to the multiscale analysis: In Section[3]we introduce the machinery for the multiscale analy- 
sis. We define 'good boxes', 'free sites', 'suitable coverings' of boxes and annuli, and prove some basic 
lemmas. 

4 The multiscale analysis with a Wegner estimate: Section|4]is devoted to the multiscale analysis; The- 
orem |4T| states the full result at the bottom of the spectrum. Proposition |43] gives a priori finite volume 
estimates at the bottom of the spectrum that yield the starting condition for the multiscale analysis. The 
single energy multiscale analysis with a Wegner estimate is performed in Proposition 14. 6l on any energy 
interval where we have a priori finite volume estimates. 

5 Preamble to localization: In Section|5]we introduce tools for extracting locaUzation from the multiscale 
analysis. We discuss generalized eigenfunctions and the the generalized eigenfunction expansion, and 
show that generalized eigenfunctions are small in good boxes (eg., Lemma l53] ). 

6 From the multiscale analysis to localization: In Section |6] we extract localization from the multiscale 
analysis. We assume that the conclusions of the multiscale analysis (i.e., of Proposition 14. 6l l hold for all 
energies in a bounded open interval (not necessarily at the bottom of the spectrum), and derive localiza- 
tion in that interval. Theorem l6. 1 [ encapsulates all forms of localization. 

7 Localization: In Section|2]we extract the usual forms of localization from Theorem l6.1l Anderson local- 
ization and finite multiplicity of eigenvalues is proven in Theorem l7.1l Eigenfunctions correlations (e.g., 
SUDEC, SULE) are obtained with probability one in Theorem 17. 21 and in expectation in Theorem 17.41 
Dynamical localization and decay of Fermi projections are proved with probabiUty one in Corollary 17. 3 1 
and in expectation in Corollarv l7.7l 

8 Log-Holder continuity of the integrated density of states: In Section[8]we derive log-Holder continuity 
of the integrated density of states from the multiscale analysis with a Wegner estimate; see Theorem l8.ll 

A A quantitative unique continuation principle for Schrodinger operators: In AppendixlAlwe rewrite 
Bourgain and Kenig's quantitative unique continuation principle for Schrodinger operators, i.e., [BoKI 
Lemma 3.10], in a convenient form for our purposes; see Theorem I A. II and Corollary IA.2I We also 
give an application of this quantitative unique continuation principle to periodic Schrodinger operators, 
providing an alternative proof to Combes, Hislop and Klopp's lower bound estimate concerning periodic 
potentials and spectral projections OCoHKll Theorem 4.1]. 

1 Main results 

We start by defining Anderson Hamiltonians. 

Definition 1.1. An Anderson Hamiltonian is a random Schrodinger operator on (R'') of the form 

i/^ := -A + Vr + K., (1.1) 

where 

(i) A is the d-dimensional Laplacian operator, 

(ii) Vpcr is a bounded periodic potential with period g € N, 
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(iii) is an alloy-type random potential, 

K,(x) := ^ c^C"(^-C), (1.2) 

where 

(a) the single site potential u is a nonnegative bounded measurable function on M'' with compact 
support, uniformly bounded away from zero in a neighborhood of the origin, 

(b) u) — {wflceZ'' is a family of independent identically distributed random variables whose com- 
mon probability distribution /i is non-degenerate with bounded support. 

Given an Anderson Hamiltonian H^, we set Pu,{B) := Xb{Hu,) for a Borel set B C K'', Pu>{E) := 
PU{E}) and p!f^ P^(] - cx), E]) for E eR. 

An Anderson Hamiltonian H^^ is a gZ'^-ergodic family of random self-adjoint operators (q — 1 if 
Vper = 0). It follows (see MKiMlllCLllTO ) that there exists fixed subsets E, Spp, Sac and S^c of K so 
that the spectrum <j{Hi^) of Hi^, as well as its pure point, absolutely continuous, and singular continuous 
components, are equal to these fixed sets with probability one. We let E\nf — inf E > — oo, the bottom of 
the non-random spectrum; note that there exists Ei > Ei^i such that [i?inf , Ei] C T, IIKiM2L 

We will use the following notation: 

• Given x — {xi,X2, ■ ■ ■ ,Xd) G K'', we set 

||a;|| :=max{|a:i|,|x2|,...,|2:d|} and (x) (l + (1.3) 

• Given > and y G R'', we let T^ y be the operator on L^(R'') given by multiplication by the 
function T^,yix) := {x - y)" . We set {x - y) Ti,y and := T^^o = {X^ . 

• We let 

Al(x) := e R"^; \\y - x\\ < ^} = x + ]-^, ^[^ (1.4) 

denote the (open) box of side L centered at a; G R*^. By a box A^ we will mean a box Al{x) for 
some X G R''. We write Al = Al for the closed box. Given scales Li < L2, we consider the (open) 
annulus 

Al,,l,(x) :=Ai,(x)\Ai,(a:) = {yGR''; < \\y - x\\ < ^} , (1.5) 
and let Al2,Li{x) :— Al^^l^{x) be the closed annulus. 

• Given a set B, we write X b for its characteristic function. 

• Xx will denote the characteristic function of the unit box centered at a; G R*^, i.e., Xx '■= Xai(x)- 

• The cardinality of a set A will be denoted by jf^A. 

• Given a Borel set S C R*^, we will denote its Lebesgue measure by |S|. 

• We will use the notation U for disjoint unions: given sets A and B, then C — AU B means that 
C = A U B and A n B = 0. 

• We let Bb denote the collection of bounded complex- valued Borel functions on R, and set Bb.i '■= 
{/GSb; sup,gK|/(t)| < 1}. 

• Given an open set S C R'' and n G N U {00}, C"(S) will denote the collection of n-times contin- 
uously differentiable complex-valued functions on S, with C" (S) denoting the subset of functions 
with compact support. 

• By a constant we will always mean a finite constant. We will use Ca,b,..., C'^ ^ , C(a, 6, . . .), etc., to 
denote a constant depending only on the parameters a,b, . . .. 
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We prove a probabilistic statement about the generalized eigenfunctions of an Anderson Hamiltonian, 
from which we will derive all the usual statements about localization. Generalized eigenfunctions, originally 
used by Martinelli and Scoppola |MS1| to extract absence of absolutely continuous from the multiscale 
analysis, have been an indispensable tool in all proofs of localization that do not use spectral averaging 
OFrMSSIlDrKTllGKlllKml^Kll . 

Let Hu, be an Anderson Hamiltonian on L^(R'') and fix > 0. A generalized eigenfunction for a 
realization iJ^^ (i.e., we fix the values of the random variables u)) with generalized eigenvalue i? £ R is 
a measurable function -0 on R'^, with < ||rj7^'(/;|| < oo, satisfying the eigenvalue equation for E in the 
weak sense, i.e., 

{H^ifi^tP) = E{ip,ij) forall ipeC^{R'^). (1.6) 

We will denote by oij'^ (E) the collection of generalized eigenfunctions for H^^ with generalized eigenvalue 

E. 

To detect localization for a realization H^^, we introduce quantities that measure the concentration of 
the generalized eigenfunctions with generalized eigenvalue E in certain subsets of R"*. Given x G R'*, we 
will measure this concentration at x by 

Wi''liE):=\ ^V'eeL'(s) ||T„.i^|| , (1.7) 

[ otherwise 

and at an annulus around x at scale i > 1 by 

otherwise 

where Xx,L ■— Xa2l+i l-i{x)- (For technical reasons we will need an annulus slightly bigger than XAa^ l(x)-) 
We always have < wi'^liE) < (|)^ < 2^ and < W^^^^lj^iE) < 2^L''. We will work with a fixed 

I' > |, but note that Wii'^i(i?) and W^^]. ^{E) are increasing in v. 

We also prove log-Holder continuity of the integrated density of states. The integrated density of states 
N{E) for an Anderson Hamiltonian H,^, usually defined through the infinite volume limit of the normalized 
eigenvalue counting functions of appropriate restrictions to finite volumes (e.g., BCLI IPFI ). equals (e.g., 
IIDM ) 

7V(i?) = lE{tr(xA,(o)P.i'')xA,(o))} for G R. (1.9) 

The following theorem contains our main results; item ([B) encapsulates localization for Anderson 
Hamiltonians. 

Theorem 1.2. Let H^^ be an Anderson Hamiltonian on (R"*). For each P G ] § i f [ there exists an energy 
Eq > i?inf such that the following holds for all p Cz]0,p[: 

(A) The integrated density of states N{E) is locally log-Holder continuous of order pd in the interval 
[Siuf . £'o[, i.e., for all p e]0, p[and compact intervals I C [Ei^-^f , Eq[ with length \I\ < ^ we have 

\N{E2)-N{Ei)\< ^ ^ forall E^^E^el. (1.10) 

|log|£;2 -Ei\f 

(B) Let I? = for some p g] j-^, 1[ and rii G N with (ni + l)p"^ < p — p. There exists a constant 
M > so, fixing v > ^, there is a finite scale Lq such that for all L > Lq and xq G R'' there exists 
an event Ul,xo ^'th the following properties: 



(i) l^L,xo depends only on the random variables ^^^^^^^^^^ ^.^^^ and 



(1.11) 
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(ii) If U3 ^ i^L.xo'fof oil E G [-Binf, Eq[ we have that 

either W^'Ki?) < e"^'"' or W^^^.^C^;) < e'^'^^ (1.12) 
In particular, for all oj G Ul.xo have 

l^i,K^)W^So,L(^^) < e-^*"" for Ee[E,^uE,[. (1.13) 

Remark 1.3. The conclusions of Theorem 11.21 hold on any bounded open interval I in which we verify 
the starting condition (i.e., hypotheses) for the multiscale analysis of Proposition |4.6l Theorem |1.2| is stated 
for an interval at the bottom of the spectrum, where the starting condition for the multiscale analysis is 
derived from Lifshitz tails estimates in Proposition |43] This starting condition, and hence the analogue of 
Theorem ll.2l can also be proved in intervals at the edge of spectral gaps, similarly to Proposition l4.3l using 
the internal Lifshitz tails estimates given in [Klo3 1. This starting condition is also derived in Proposition l4.5l 
for a fixed interval at the bottom of the spectrum at high disorder, provided ji ({inf supp /i}) — 0, and the 
conclusions of Theorem [L2] hold in this fixed interval at high disorder if /J.([inf supp /i, inf supp /i + i]) < 
Cf , with 7 > appropriately large. Note that Theorem 11 .21 holds also if the single site potential u in 
Definition ll.ll is assumed to be nonpositive instead of nonnegative, since in this case replacing u by —u and 
(JL by /I, where ]1{B) = fj.{—B), rewrites the random Schrodinger operator as an Anderson Hamiltonian as 
in Definition ll.il 

Theorem 1 1.2llAl l says that in the interval [Einf, Eo[ (more generally, in the interval where we have a 
multiscale analysis) the integrated density of states N{E) is log-Holder continuous regardless of the (lack 
of) regularity of fi. If the single site probability distribution fi is continuous (i.e., /i has no atoms), then it is 
known that the integrated density of states has at least as much regularity as the concentration function 5^ 
of fj, |iCoHK2il : for all compact intervals / C M we have 

\N{E2)-NiEi)\<CiSf,{\E2-Ei\) forall Ei,E2eI, (1.14) 

where S'p(s) sup^gu i + s]) for s > 0. If /i has an atom, ( 11.14b is still true but useless, since 
infs>o Sf^{s) > 0. For the continuous Anderson Hamiltonian it is not even known if N{E) is a continuous 
function on R if /i has an atom. 

Theorem II. 2 llBl i is a probabilistic statement about the infinite volume Anderson Hamiltonian; there is 
no mention of finite volume operators. It captures all the usual forms of localization. Anderson localization 
with finite multiplicity of eigenvalues will follow from (II. lib and ( 11.12b by a simple application of the 
Borel-Cantelli Lemma. Dynamical localization, decay of eigenfunctions correlations (e.g., SULE, SUDEC), 
and decay of the Fermi projections will be consequences of (II. lib and ( 11.13b . These and other familiar 
localization properties are stated in Corollary [L4] (Theorem |1.2||Al l is not needed for Corollary II. 41 ) 

Corollary 1.4. Let H^^ be an Anderson Hamiltonian on \j'^{W'-'). Fix p G ] |[, ond let Eq > -Einf, 
p g]0,p[, d > and M > be as in Theorem U .2\ Then H^^ exhibits strong localization in the energy 
interval [i?inf, Eo[ in the following sense: 

(i) The following holds with probability one: 

(a) has pure point spectrum in the interval [i?inf , Eq[. 

(b) For all E G [-Einf, Eq[, tp & RanPtj(i?), and v > ^, we have 

IIXxV'll < C-^.B,. e-*'^ll"ll forall x G M"*. (1.15) 

In particular, each eigenfunction tp of H^^ with eigenvalue E G [£'inf,Eo[ is exponentially 
localized with the non-random rate of decay M > 0. 

(c) The eigenvalues of H^^ in [Ei^f, Eo[ have finite multiplicity: 

trP^{E)<oo forall E G [Einf , Eo[. (1.16) 

(ii) The following holds with probability one for all e > on all compact intervals I C [Einf , Eq[ : 
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(a) For all E & I, x,y £ M'', and v > ^,we have 

WXAW WXyn < Cu.j,u,e ||T-V|| cll-ll'^^^'^e-i*^"--'^"" (1.17) 

for all (z Ran P^^ (E), and 



\\xME)h \\XyPUE)\\2 < Cu.,I,.,e \\T-^Pu:{E)\ 



(l + e)f _i 



(1.18) 



(b) For all E E I, there exists a "center of localization" yu>,E G for all eigenfunctions with 
eigenvalue E, in the sense that for all x G M'' and v > ^ we have 



WXM < C^j..,e ||T-V|| e"^"-" 
for all (f> €E Ran P^^ (E), and 



(1.19) 



-1-1 D tJ^Wl „llWa,.Ell''+''~p-iM|l2;-y„,Ef 



\XME)\\2 < T-ip^(i?) I e"''--" 'e-J^ 



Moreover 



N^,i{L):^ ^ trP^iE) <C^j^,l'^^+'^7 for L > 1. 

WVl^, e\\<L 



(1.20) 



(1.21) 



(c) For all x,y G R'' we /love 



sup ||x,/(i/<.)P..(/)X.||i <C^,/,ec"^"''^'''e"3^-^"--^"'. 

/6Bb.i 



(1.22) 



(d) For all E E I and x,y E we have 



(1.23) 



(iii) Given b > 0, for all s E 







, Xq E W^, and compact intervals I C [-Eint, -^ot have 



E < sup 



< oo, 



(1.24) 



fiisup 



< oo, 



and 



E<{ sup 

.Be/ 



< oo. 



(1.25) 



(1.26) 



Remark 1.5. If Theorem ll.2llBT l holds on a given bounded open interval X (instead of the interval [Ei^i , Eq [ 
at the bottom of the spectrum, as discussed in Remark [T3T l. then Corollary 1 1.41 also holds as stated in the 
interval I. 

Remark 1.6. Theorem ll.2l and CoroUarv Il .4l hold also for Poisson Hamiltonians, with minor modifications. 
Their proofs can be modified for Poisson Hamiltonians using the methods of IIGHK2I FGHKSII . both for 
positive and attractive Poisson potentials. 
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Remark 1.7. It is instructive to compare Theorem 1 1.2 1 and Corollary II .4l to the known results for the case 
when the single site probability distribution fi is absolutely continuous with a bounded density (or Holder 
continuous), for which slightly stronger versions of these results have been be derived from an energy- 
interval multiscale analysis as in [FrMSS D rK 1 1 IFK21 IGK 1 il GK6l IK12II . In this case the probability estimate 
jl.l 11 1 is much stronger, one gets sub-exponential decay e~^^ for any ^ s]0, 1[ for the bad probabilities 
[GKll, and even exponential decay when the fractional moment method applies MAENSSL The 'either 
or' statement in (11.12b is stronger: either wi^loiE) < e~'^^ or ^{E) < e~^^. We also have 

exponential decay in (I1.13l l and in Corollary 1 1.4|(ii)[ that is, they hold with i9 = 1. Corollary 1 1 . 4|(iii) [ holds 
for all 6 > with s = 1. The SUDEC estimate ( 11.171 ) and the SULE estimate ( 11.191 ) hold with exponential 
decay and milder than exponential growth in x or y; moreover they are equivalent, one can be derived from 
the other (see OGKll IGK6II ). But in the general case ( 11.171 ) and (11.191 1 are not equivalent; (11.17b implies 
(11.19b but the converse is not true. 



Theorem 1 1.21 and Corollary [L4| will be proved in the context of generalized Anderson Hamiltonians. 
Theorem I1.2||A] i is proven in Theorem 18.11 and Theorem ll.2)lRt is contained in Theorem 16.11 Corol- 
lary ll.^(i) is proven in Theorem 17.11 Corollary ll.4|(ii)| in Theorem 17.21 and Corollary 17.31 and Corol- 



lary [L4imH follows from Corollary 17.7 



2 Anderson Hamiltonians 



2.1 Normalized Anderson Hamiltonians 



Given an Anderson Hamiltonian H^, it follows from Definition ! l.ll that the common probability distribution 
ji of the random variables ~ {'^dceZ'' satisfies 



Letting 



{M_, M+} C supp^ C [M_, M+] for some - oo < M_ < M+ < oo. (2.1) 



%or = Vpcr - inf (7(-A + ^por), with Vp^,{x) = Vp^,{x) + M- "(^ - 0, 
Vq{x) = ^ u{x - C), with u ^ {M+ - Af_)w and ^ m - m" ' ^^'^^ 



we have 



H^ = H^+ inf a(-A + Vr)- (2.3) 

Since is a normalized Anderson Hamiltonian as in Definition l2. 1 I below. we conclude that every Ander- 
son Hamiltonian equals a normalized Anderson Hamiltonian plus a constant. Thus, without loss of gener- 
ality, it suffices to study normalized Anderson Hamiltonians as in Definition |2.1[ which makes the relevant 
parameters explicit. 

Definition 2.1. A normalized Anderson Hamiltonian is an Anderson Hamiltonian H^^ such that: 

(i) the periodic potential V^oi satisfies 

infa(-A + ype,) = 0, (2.4) 

(ii) the single site potential w is a measurable function on R'^ with 

w-Xa^ (q) ^ u < u+Xas^(o) for some constants Ui, J± e]0, oo[, (2.5) 

(iii) us = {'^ciceZ'' is ^ family of independent, identically distributed random variables with a common 
probability distribution /i satisfying 

{0,1}C supple [0,1]. (2.6) 
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The condition ( |2.4| l implies that [0, Ei] C a (Hq) for some Ei > 0. It follows that the non-random 
spectrum S of a normalized Anderson Hamitonian H^^ satisfies (see IIKiM2ll ) 

(j(i7o) C EC [0,(X)[, (2.7) 

so 

inf S = and [O,^;!] C S for some Ei = £'i(Vpcr) > 0. (2.8) 

In particular, we have 

E = a(-A) = [0,oo[ if Fper = 0. (2.9) 

2.2 Generalized Anderson Hamiltonians 

We will conduct our analysis of normalized Anderson Hamiltonians in a more general context which incor- 
porates an additional background potential, bounded and nonnegative, but otherwise arbitrary, and allows 
variability in the single site potentials as long as they satisfy uniform bounds. 

Definition 2.2. A generalized (normalized) Anderson Hamiltonian is a random Schrodinger operator on 
1?{W^) of the form 

H^^Hq + V^, with ffo = - A + T/pcr + U, (2.10) 
where Vpcf is a bounded periodic potential with period q E N such that 

infa(-A + yp„.) =0, (2.11) 

C/ is a measurable function on R"^ satisfying 

0<U{x)<U+ for all xER'^ for some constant [/+e[0,oo[, (2.12) 

and VL, is the random potential 

^ c^C^c(^)' (2.13) 

where the family of random variables u> — {i^ijli^gz'' is as in Definition l2.1l and u = {u^j^g^^ is a family 
of measurable functions on K*^ such that there are constants u±,6± e]0, oo[ for which 

u-Xa,_ (c) <uc< u+Xas^ (C) for C G Z''- (2-14) 

Without loss of generality, we realize the random variables {w^j^^gz'' ^s the coordinate functions on 
the probability space {fl, T , P), where — [0, 1]^ , T denotes the cr-algebra generated by the coordinate 
functions, and P = , the product measure of copies of the common probability distribution /i of the 
random variables {cji^l^g^d. In other words, (il, J^, P) = ([0, 1], S[o,i], /i) , the product measure space 
of Z"* copies of the measure space ([0, 1], ;B[o,i], /i), where ^[o.i] is the Borel a-algebra on [0,1]. The 
expectation with respect to P will be denoted by E. Note that is a compact Hausdorff space with the 
product topology and T is the corresponding Borel cr-algebra. A set W £ will be called an event. 

A generalized Anderson Hamiltonian is a measurable map from the probability space (51, T ^ P) to 
self-adjoint operators on the Hilbert space \?{W^\ Measurability of means that the maps a; — f{Hu:) 
are weakly (and hence strongly) measurable for all bounded Borel measurable functions / on R. 

A generalized Anderson Hamiltonian H^^ is not, in general, a gZ'^-ergodic family of random self-adjoint 
operators for any g G N, so the spectrum of H^i, as well as its pure point, absolutely continuous, and singular 
continuous components, need not be non-random (i.e., equal to some fixed set with probability one). But 
we always have <j{Hi^) C [0, oo) for all a; e fi. 
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2.3 Finite volume Anderson Hamiltonians 

Given a set S C M'', we set S :— S n Z'^ and consider the product measure space {^s, J-E;Pe) — 

([0, 1], S[o,i], /i)"; in particular, = [0, 1]". We identify J^h with the sub-cr-algebra of subsets of Q 
generated by the coordinate functions ujs — {wj j^^s, in which case Ph is the restriction of P to J^h. 
Given a generalized Anderson Hamiltonian H^;, we set 

Vu:^{x) ■.^'^ojfUfix) for u:en and S C K'*, (2.15) 

and define the corresponding finite volume (generalized) Anderson Hamiltonian on a box A = Al{x) in 
M.'^ as follows: 

H^..A-= Ho-A + V'-.A on L2(A), (2.16) 

with 

iJo.A := -Aa + V'pcr.A + [/a, (2.17) 

where Aa is the Laplacian on A with Dirichlet boundary condition, and Vpcr.A, U\ and VL,a are the 
restrictions of Vpcr, U and V^^ to A. Since we are using Dirichlet boundary condition, we always have 
inf fT(iJo.A) > (easy to see using quadratic forms), and hence inf (T(i/ij a) > 0. The finite volume 
resolvent, defined for z ^ ^(iJj^ A) by 

i?c..A(:2) := (ffc.,A-^)"' on L2(A), (2.18) 

is a compact operator Note that Aa = Va • Va, where Va is the gradient with Dirichlet boundary condition. 

We will identify L^(A) with XaL^(K.'') when convenient, and, if necessary, we will use subscripts A 
and K.'' to distinguish between the norms and inner products of L^(A) and L^(M'^). In particular, we use the 
identification Vpcr, a = XA^pcr, Ua = XaU, and VL.a = XaVu^a - If A C A', we will also extend operators 
on L^(A), such as Rui.a{z), to operators on L^(A') by making them the zero operator on L^(A' \ A). If 
rj e L°°(A), we will also use r] to denote the operator given by multiplication by r/ on L^(A). 

If S C K'', S will denote its closure, its interior, and 9E! := S \ S° its boundary. If 5 C 2' C M.'^, 
E :— dE \ 9S' will denote the boundary of S in S'. (9" S is the boundary of S with respect to the 
relative topology on S'.) 

Given a box A C A', where A' is either a box or R'^, and 5 > 0, we set (the distance is given by the 
norm in ( 11.3b ) 



A"^'^* {x £ A; K2s{x) n A' c A} = {x e A; dist [x, 3^' a) > 6^ 



(2.19) 



If A' — we generally omit it from the notation. 

In general V^j.a XaKj.A' for A C A', but we always have 

X „ ^+VL,.A = X „ ^+K,,A'- (2-20) 

A"^ •— — 

In this paper we will always assume that the finite volumes A = Al where we define H^^ a have 
L > 100 {S+ + 1). 



2.4 Generalized eigenfunctions 

Let be a generaUzed Anderson Hamiltonian, fix a; e il, and let A be either M'* or a box A^. Recall that 
P(if^,A) = I?(Aa). 

Definition 2.3. A generalized eigenfunction for H^^ a with generalized eigenvalue _E G R is a measurable 
function t/j on A with 

< IIT^^VIIa < for some ly > 0, (2.21) 

such that 

{H^,A^,^) =E{ip,^) for all ^eC^{A). (2.22) 
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It follows (e.g., IIKIKSH ) that if i/j is a generalized eigenfunction for i?oj,A with generahzed eigenvalue 
E eR, then for all € C^iA) we have <pijj G X>(Aa) C X>(Va) and 

(i?..,A -E)^^^ VKa(0)V', (2.23) 

where Wa(0) is the closed densely defined operator on L^(A) given by 

W^a(0) = -2(V0) • Va - (A(/.). (2.24) 

(More precisely, Wa(0)V' M^a(0)0'0 for all (j) e C^(A) such that = 1 on supp 0.) 
Eigenfunctions are always generalized eigenfunctions. 

2.5 Properties of finite volume operators 

We will now derive some deterministic properties of the finite volume operators corresponding to a gener- 
alized Anderson Hamiltonian H^^ . 

Given A, either a finite box or M'^, and x,y £ A, \\XyRu:,A{z)Xx\\ G [0, oo[ is well defined for z ^ 
c {Hi^,a). We will abuse the notation and make the extension to z £ a (i/c^.A) by 

\\XyR^.Aiz)Xx\\ ■■= limsup\\XyRc^,A{z + ie)Xx\\ e [0,oo]. (2.25) 

c-i-O 

We will consider boxes A C A' without requiring the interior box A to be at a certain distance from the 
boundary of A'. For this reason we work with A (the boundary of A in A') instead of dA. 

Lemma 2.4. Consider a box A = A^ C A', where A' is either a finite box or W^, and let z ^ a {Ht^^\). 
Then, given x € A with As_^j^3{x) H A' C A and y G A', we can find x' £ , where 

:= |a; G A; dist (x, d^' A^ = ^} , (2.26) 

such that 

\\XyR<^,A'{z)Xx\\ (2.27) 

< XyX^(A',i)^u.,A(^)Xa; +lzi'^~^\\XyR<^,A'{z)Xx'\\\\Xx'R<^,A{z)^^h 

with 

Iz =lz,d,Vp„, = (1 + max{0, 3fiz - essinf . (2.28) 

In particular, 

(i) ify^A'\A, we have 

\\XyR^^A'{z)Xx\\ < Izi''-^ \\XyRu.A'{z)Xx'\\ \\Xx'R^,a{^)Xx\\ , (2.29) 

(ii) ify^A, we have 

\\XyRu..A'{z)Xx\\ (2.30) 

< \\XyRu,,A{z)Xx\\ +lzt'^~'^ \\XyRu,,A'{z)Xx'\\ \\Xx'Rlj,a{z)^x\\ ■ 

Proof. Given boxes A c A', we let be as in (12.261) ) and set 

T-Tf :={a;eA; dist(x,Ti') <i} = | |J Ai(y')[nA. (2.31) 
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There exists a constant Cd, independent of A and A', for which we can find a function (p — (j)^ d C^(A'), 
with < 4> <h such that 



El on A^'^-^+5, (2.32) 

I on A'\A'^''^-3, (2.33) 
|V0| , \A^\ < Cd. (2.34) 



Note that 



suppcj) C A'-^^ := A^'- '-^^i and supp V(/. C T = Tf . (2.35) 

In particular, we have (?!)I?(Aa) C V{Aa) and Aa- ) C X'(Aa'). 

Suppose first that z ^ a {H^^^a) U a {H^^ a')- In this case we use the geometric resolvent identity (cf. 
IICoHlllFK2l[BoKll ). In view of fl^ . if z ^ ct (H^a) U a {H^,a') we get 

i?u.,A'(^)0= '/'fic.,A(z)+i?a,,A'(2)M^A(0)i?a;,A(z), (2.36) 

as operators from L^(A) to L^(A'), where VFa('A) is as in ( 12 .241 . Given x e A with As^+3{x) n A' c A, 
i.e., X e A '~2 ^1, we have 

X. = Xy'Xx^O for y'eXf. (2.37) 

It follows that for y G A' we have 

XyRu,,A' iz)Xx = XyRu^A' {z)4>Xx (2.38) 
= Xy0i?a;,A(z)X:, + Xy A' (2)T^A , A (z)X2; 

= Xy(t>Ru^A^)Xx + Xai?^,A'(^)XTW^AW^'^,A(2)Xx- 

Let ^ be the length of the side of the box A, i.e., A = A^. Then we can pick yi, 1/2, • • • , 2/j G , 

I od-l ^ 1 ^ nil Ijd-l „„j „/ „/ „/ r- tA' \ -tA' „,;tu n ^ 7' ^ nm Od-2 



where C^^''"^ < J < C^7'*-\ and y[,y'^,..., y'j, e Tf \ , with < J' < C^"^'*-^ („otg J' = if 
a'^'A = aA, in which case = ), such that Ai{yj) C A for j = 1, 2, . . . , J, 

= I y A. (y,)| U I U ■ (2.39) 

and yi, 2/2, • ■ • , 2/j, 2/i, J/2, • • • , form a minimal set with respect to this properties. It follows that we can 
select disjoint open sets Oj C A 1 (yj) and O'j, C A 1 {y'j, ) n A, where j = 1, 2, . . . , J and j' = 1, 2, . . . , J', 
such that 

^=|U^|U| U^|- (2.40) 



It follows that 



\XyRuj,A'iz)Xf'^A{(l))Ru.,Aiz)Xx\\ (2.41) 

J 

- \\XyRc^.A'{z)Xo.jWAi(t>)Rc^Mz)Xx\\ 

+ XI \\^vR'.^A'iz)Xo'^WA{(t))Rc^.Aiz)Xx 

J 



^[\\XyRc.,A'{z)XA,{y,) XA,iy,)WA{(l))Rc^.A{^)Xx } 
.7' 

+ I Xyi?i^,A'(^)XAi (y'JnA XAi(y',)nAVFA((?!))i?i^,A(2:)Xa; [ 



.7' 
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Let A[t be either Aj. ) = A i (j/j ) n A or Ai {y'j, ) n A for some j or j'. We write A'^ for the corre- 
sponding Ai ) n A or Ai {y'j, ) n A. Using ( 12.241 ) and ( 12.341 ) we get 

\\XAfWA{(l))R^.A{z)Xx\\ < 2Cd ||XA,VAi?^,A(z)x^|| + Cd \\XAtRc^,Aiz)Xx\\ ■ (2.42) 

We now use the following interior estimate (e.g., PGK5I Lemma A. 21): Let t] e C^{0) with Ht^Hoo < 1, 
where O C K.'' is an open set. Given a finite box A such that A C O, we set rjA = VXa- Then, for all 
u: e [0, l]^^ z e C, and V G I'CAa), we have 

hAVAl/^ll' < ||Xsupp,M (-ffc^.A - z) (2.43) 
+ (1 + max{0, sRz - essinf l^poj + 4|1 Vj/aHL) IIXsupp^AV-f • 

(Although IIGK51 Lemma A. 2] is stated with somewhat different conditions on r], the proof applies with rj as 
above. The important observation is that with Dirichlet boundary condition we have rjip = r/Aip E 2?(Aa) 
forall V' e X>(Aa)-) 

Given a box Ai{x'), we fix a function 77 € C^(R'') with < ry < 1, such that r; = 1 on Ai(x'), 
suppTy C Ai(a;'), and || Vry||^ < C'f . We have, using ( 12.431 ) and t]Xx = (see ( 12.371 )). 



\\XA,yAR^c^Az)Xx\\ < \\VAyAR<^Az)Xx\\ <7k,<i,ypor Xa'^Ru^M^)^^ 

with 



(2.44) 



7L.d,yp„ - Cd" (1 + max {0, - ess inf Vpcr})^ (2.45) 
If Aj = Ai{yj), we have Xa, < Xaj = X^, - If Aj = Ai (y^,) n A, we have Xa, < Xaj < Xy'^', for 
some y", e T^'. Thus, it follows from (12411 1 and (|Z44] | that 

||Xyi?^,A'(z)Xx^A((/>)i?<^,A(^)Xa;|| < Cd(l+7Ldyp„K''~^ |lXyil'^a;,A'(^)Xx'|l II X:r' il'^o;, A (2:)X:r |1 

(2.46) 

for some x' G . 

Combining ( 12.381 ) and ( 12.461 ) we conclude that 

\\XyRu.,A'{z)Xx\\ < \\Xy<l>Ru.A{^)Xx\\ +lz^'^^^ \\XyRu.A'{z)Xx'\\ \\Xx' Ruj A^)Xx\\ (2.47) 

for some x' e , where 7^ is as in ( |2.28t , which yields ( |2.27t . If y G A' \ A, Xy4> — 0, and we get ( |2.29l l. 
If ?/ G A, using < (/) < 1 we get ( 12.301 ). 

If z E a (i?a;,A') \ {Huj.a)^ foi" ^^'^^ e 7^ we have z + ie ^ a {H^^A U cr (i?a;,A')' ^i^^ lemma 
holds for z + ie. The lemma then follows for z in view of ( 12.251 ). □ 

Lemma 2.5. Consider a box A = A^ C A', where A' is either a finite box or W^. Let ijj be a general- 
ized eigenfunction of Hu!,a' with generalized eigenvalue £' e M \ ct^H^^^a). Then for every x E A, with 
^s^+si'x) n A' C A, we can find x' G such that 

< lEi"-"^ \\Xx'Ru.AE)Xx\\ WXx'n ■ (2.48) 

Proof Let cf) — cj)^ be the function in the proof of the previous lemma (cf. (|2.32t -( |234l )). It follows from 
( |Z23] l that 

H = Ru>A[E)WA{c^)i^. (2.49) 
Thus, given a; G A with Asj_+^{x) n A' C A, we have 

IIX.V'II = IIX.^V^II = \\XxR.>AE)WA{ci)m ■ (2.50) 
Proceeding as in ( I2.41l l- (l2.46b we get ( 12.48b . □ 

3 Preamble to the multiscale analysis 

We fix a generalized Anderson Hamiltonian H,^ . 
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3.1 Good boxes and free sites 

A finite box will be called 'good' at an energy E when the finite volume resolvent is not too big and exhibits 
exponential decay. As in IIBollBoKllGHK2ll . we will also require 'free sites'. 
Given a box A, a subset C A, and ^5 = {i(;}^es G [0, 1]"^, we set 

Hu>,ts,A-= Ho,A + Vu,,ts,A on L2(A), (3.1) 

where V^^tsA = XAVL^.ts with 

CeA\S Ces 
Rui.tsAi^) will denote the corresponding finite volume resolvent. 

Definition 3.1. Consider a configuration a; e J7, an energy E E C,a rate of decay m > 0, < < 1, and 

S C Al- a box Al is said to be (a;, E, m, S)- good if the following holds for all ts G [0, 1]'^: 

||i?^,ts,A.(^^)ll <e^"^" (3.3) 

and 

||Xxi?a,,ts.Aj£^)Xy|| < e-™ll"-^ll forall x,y e Al with ||.T-y||>^. (3.4) 

In this case 5 consists of (u), E, m, c^)- free sites for the box A^. If no free sites are specified, i.e., = 0, 
Al is said to be {u), E, m, <^)- good. 

Remark 3.2. Condition (13. 4t is stronger than the usual condition in the definition of a good box (cf. ODrKll 
ICoHlllGKlilK12ll ). where decay is postulated only from the center of the box to its boundary. We introduce 
the exponential decay in \\x — y\\ for arbitrary x, y in the box, not too close to each other, in order to prove 
Lemma 13.101 where we will need to consider locations x and y that may be anywhere in a box A'. In 
particular, we will need to consider the case when both x and y are close to the boundary of A'. Thus, we 
will need to apply Lemma l24l for boxes A C A' that touch the boundary of A' (i.e., dA D dA' 7^ 0). For 
this reason we defined in ( 12.261 ) in terms of d'^ A, the boundary of A in A'. 

Remark 3.3. It follows from ( 12.15b and ( 12.16b that for all e C we have 

{Al is [E, TO, <r, 5)-good} := {uj e fi; Al is (iv, E, m, <j, S')-good} e Ta^ . (3.5) 

Moreover, the set 

{{E, u;a J e M X f^A^ ; Al is (w, E, m, ^, S')-good} (3.6) 
is closed in M x Ha^, and hence jointly measurable in {E,lj\j^). 

Definition 3.4. Consider an energy E G M., a rate of decay m > 0, and numbers < ^ < 1 and p > 0. A 
scale L > is called {E, to, p)- good if for every a; £ R'^ we have 

P {AL(a;) is {E, to, <^)-good} > 1 - L^p'*. (3.7) 

If a box Al is {uj, E, m, <;)-good, then it is just as good for energies E' such that \E' — E\ < e^'^^, the 
precise statement being given in the following definition and lemma. 

Definition 3.5. Consider a configuration u) E fl, an energy E E C, a rate of decay to > 0, and < q < 1. 
A box Al is said to be {iv, E, m, jgood (just as good) if 

||i?c..Aj^)|| < 2e^"^" (3.8) 

and 



(3.9) 
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Lemma 3.6. Let ujCzQ, ECzC, 0<t<<;<1. Suppose the box is {oj, E, m, <,)-good with a rate of 
decay m > L~^. Then, if L > L^^^, the box is (a;, to, q)-jgood for all energies E' Cz C such that 
\E' - E\< 6-2™-^. 

Proof By the resolvent identity, 

Ru^aAE') = R^aAE) - {E' - E)R^,A^{E)R^,A^iE'). (3.10) 
Thus, for \E' ~ E\ < e^^mL^ 

\\Ru:.A,{E')\\ < e^"^ + e-^^^e^"^" \\Ru.,aAE')\\ (3.11) 

Since < r < ^ < 1, ( 13.81 ) follows. 

Similarly, using also ( 13. 8b . given x,y £ A^ with — y\\ > we have 

\\X.Ru.AL{E')Xy\\ < e-™ll--«ll + 2c-2™^e2^"^ (3.12) 

and dlHl follows. □ 

We also need the following variant of Lenima [331 the proof is almost identical. 

Lemma 3.7. Let wGfi, i?GC, 0<';<1, 0<to<to. Suppose the box Al is (a;, E, m, <;)-good. Then, 
if L > L^^m, given E' ^ C with \E' — E\ < e^™^'^, where toi £ [to,to], the box Al is (a;, i?', TO2, 
jgood with 

TO2 = TOi (l - Crn^^L"'^) . (3.13) 
The following definition will be needed only for real energies. 
Definition 3.8. Consider an energy i? e R, a rate of decay to > 0, and numbers 1 and p > 0. 

(i) Given a box A^, a subset S C A^ is called <j'- abundant if 

# fs'n Ai) > L^i"'^')'' forallboxes Ai c Ai. (3.14) 



(ii) Given a box A^, an event C is said to be (Al , -E, to, ^')- adapted if there exists a <;'-abundant subset 
Sc C Al such that C e ^Kl\Sc is (tt', E, m, <j, S'c)-good for all a; e C. In this case C will 
also be called (A^, E, rn, <^', Sc)- adapted. 

(iii) Given a box A^, an event £ is called (A^, E, to, <;')- extra good if it is the disjoint union of a finite 
number of (A^, E, to, ?')-adapted events, i.e., there exist disjoint {Al,E, to, <j, ^')-adapted events 

/ 

f = UC,. (3.15) 

i=l 

(iv) A scale L > is called {E, to, ?',p)- extra good if for every a; € R'' there exists a {Al{x),E, to, ^')- 
extra good event El ^ such that 

F{£l,cc}>1-L-p''. (3.16) 
If a scale L is (i?, to, <j, (j',p)-extra good, it is clearly also {E, to, <;,p)-good. 

3.2 Tools for the multiscale analysis 



We now combine Lemmas 12.41 and 1231 with good boxes to obtain crucial tools for the multiscale analysis. 
In Lemmas 13.91 and [3 . 1 01 we will not know a priori that E ^ cr{H^^/C), and we will apply Lemma l24l with 
the notation given in (|2.25t . 
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Lemma 3.9. Fix a configuration u> £ il and an energy E E C. Let A be either or a box A^. Consider 
a scale i, with £ < ^ if A = A^, numbers < r < <r < 1, and m > Let Q C A be such that for all 



X G A\Q there exists a {oj, E, m, (,)-goodbox, denotedby A'fK such that A^^' C A with At (a;)nA C A 
Then there exists a constant C = Cay^^^^E, locally bounded in E, such that setting 



(x) 



the following holds: 

(i) For all x,y E A with x ^ O we have 



(3.17) 



\XyRuj, AiE)Xx\\ < 



\XyRu>,AiE)XxA\ , (3.18) 



for some xi G ^ (x), so in particular 



(ii) Let x,y € A with x ^ O and \ \x — y\\ > £. Then 

||x^i?c..A(i?)x.|| <e-"'ll"-^'ll \\XyRu.AE)Xx' 
for some x' E A such that either x' E Q or \\x' — y\\ < £, i.e., 

x' e eu A2£(j/). 



(3.19) 



(3.20) 



(3.21) 



(iii) Suppose i? € R and tJj is a generalized eigenfunction of i/oj,A with generalized eigenvalue E' G 
[E - E + . Then for allx e A\Qwe have 



\Xx^\\ < e 



-m \\x—x 



IIX.'^II <e^^^||Xx'V^|| forsome x'eT^^^,, 



and also 

WXxMl < e-"'ll^-^"ll llx.-V-ll < e— '<i-*{-^Q> \\Xx"^\\ forsome x" € 6. 
If E' = E, ( 13.221 1 and ( |3.23t hold with m substituted far m! . 
Proof. (i) Since x ^ 6, we use the existence of the good box A^^-* and apply ( 12.271 ) to get 



(3.22) 



(3.23) 



\XyRu:AE)Xx\\ < 



XyX (,,A, i)i?^^^(x) iE)Xa 



^-miix-x.n \\XyR^^f,{E)XxA\ (3.24) 



for some xi G ^^{x), so 



<\\x-xi\\<£- hence ( |TT9] l. and we have dTTSl l with 



(ii) Since x ^ Q and ||a; — y|| > we apply ( 13.181) repeatedly to get 

||X,i?^,A(^^)X.|| <e-"'^"=ill"-^-^'ll \\XyRu.AiE)XxJ 



(3.25) 

, i — 1,2, . . . ,n, where n G N is such that Xi ^ Q and \\xi — y\\ > £ 

XiW, 



with xo — X and Xi G T'^(^._^) 

A^ 

for i = 0, 1, . . . , n — 1, and either a;„ G or \\xn — y\\ < £■ Since \\xo — Xn\\ < SlLi ll^^j-i 
( |120] | follows. 

(iii) It follows from Lemma [J!6] that for all a: ^ 8 the box A^^^ is {uj, E' , m, i^)-jgood. Thus, given x ^ Q, 
we apply Lemma |23] with the box A^^'' to get (13.22b . To prove (13.23b . we proceed similarly to the 
proof of (13.20b . applying Lemma l23] repeatedlv. 
Note that in (iii) the Constance C in (13.17b depends on E'. Since \E' — E\ < 1, we can fix a constant 
C = CE,d,VpaT' locally bounded in E, that works for all the conclusions of the lemma. □ 
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The following lemma will play an important role in the multiscale analysis. We use the notation given 
in( irT9b . 

Lemma 3.10. Fix a configuration u; G and an energy E Cz C Consider a box A = and let <;, p, k,t Cz 

]0, 1[, e ^ LP, m > £-^, K, K' e N, where 

> rp. (3.26) 
Suppose there exist Q = U^^^Qj C A satisfying the following conditions: 

(i) There exist disjoint boxes Kj ~ K^. [yj) C A with L'^ < Lj < K' L'^, j — 1,2, . . . , K, such that 

ejCA'-f'^\ (3.27) 

and 

Pc.,A,(i?)ll <e^''''"''. (3.28) 

(ii) For fl/Z a; G A \ O there exists a {u},E, m, <;)-good box K^^^ C A such that Kt {x) H A C A^'^''. 
Then the box A is (u), E, M, <;)-goodfor L > Ld.E.Vp^^.<i.K.T.K, where 

M > m{l - C {L"-^ + LP^-<)) > L-^ (3.29) 
and C = CE.d,Vpai.K.K' locally bounded in E. 



Proof We start by proving (13.3b for A. Since iJ^^.A has discrete spectrum, there exists e > such that 
E' ^ <j{H^^a) if < \E' — E\ < e. We take e < e^^™^, so the boxes A^""-* given in condition (ii) are 
{uj, E', m, <;)-jgood by Lemma [376l and small enough such that it follows from ( 13.281 ) that 

||i?c.,A,(S')ll < 26^"""' for j = l,2,...,i^. (3.30) 

We will estimate \\Rui^a{E')\\ for < \E' — E\ < e. Suppose either x or y are not in 0, say x ^ 
&. In this case we apply Lemma D.SIti)! It follows from (13.18b . appropriately modified for jgood boxes, 
Definition[331 and ( IXT91 ). that 

\\XyRu.,A{E')X.\\ < 2c^"^ + 2e-™'i^ \\Ru.AE')\\ 

< 2e'"' + 2e-^'"^ ||i?c.,A(i?')ll < 2e^'"' + ii"''^ P..,a(^')II 

for large L. If a; G 6 and y ^ 6 we use \\XyRui,A{E')Xx\\ = \\XxRu:.A{E')Xy\\ to get ( 13.311) . Suppose now 
a;, ?/ G 8, say x G Qs- Then we apply ( 12.271 ) with the box As, and use ( 13.301 ), getting 

\\XyR<.AE')Xx\\ < 26^""'^' +27(i^'L'^)''-%^''""'' \\XyRc.AE')Xx„\\ , (3.32) 

where xq G T^^ and 7 — Je+i- Note that ( 13.271 ) implies dist {xq, 6} > -jj-; in particular, ||a;o — y|| > "Yj- 
as y G 8. We can now use Lemma D.S|(ii)[ with ^ replacing m' in ( 13.201 ) to compensate for using jgood 
boxes instead of good boxes, to conclude that 

||X„i?c.,A(£;')X.oll < e-'^ll^^-^'ll \\XyRc.AE')Xx'\\ < e-™'^ \\XyRu.AE')Xx'\\ , (3.33) 

where x' satisfies dllTT i. so ||a;o - a:'|| > - £ > for lai-ge L. From ( [332] l, ( |333] l, and ( [l26] l, we 
conclude that, for large L, we have 

\\XyR^AE')Xx\\ < 26^"'"^"' +27(if'L'')'"'c^''''"'e-w^"^^'' \\Ru.AE')\\ 

< 2e^"''"^"' + . (3.34) 
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Combining (13.31b and (I3.34l i we get 

\\R^AE')\\ < L^' {20'^'^'"'' + ^L-^''\\R^ME')\\} 

and hence, for large L, 



(3.35) 



\\Ru.AE')\\ < 2L2'iei''<'-^"' < ei'^\ (3.36) 
We now conclude that for large L we have 

\\Rc.,AiE)\\ = lim ||i?c.,A(S')ll < e^'"' (3.37) 

i?' — >E 

To finish the proof, we need to prove (13.4) for the box A. 

Sublemma 3.11. Given s e {1,2,..., K}, let x,y A with x G ond \\x — y\\ > Lg- Then there exist 
2;(o) g Y ^ and x' G A, with x' satisfying (13.211 1 and 



11^ S 



< Lg — iqL'^ and 



- y 



such that 



\\XyRu.AE)X.\\ < e-™ 11^^ '-^ II |lx,i?..,A(i?)Xx'|| , (3.39) 

where 

m" = to' (1 - CTL"'"^) with C = CE,d.y^,,,K' locally bounded in E. (3.40) 

Proof. Let x,y £ A with a: G Os and ||a; — ?;|| > Ls. We proceed as in (13.321 1 and (13.33b (note that we are 
now working at energy E, so we have (13.28b and condition (ii) holds), getting 

\\XyRu.,A{E)xA <1E (X'i")''"' e^"*'"'' \\XyR..Ai.E)X^io)\\ 

<^E{K'L^t~\'^'''"-'\-"''V-^'\\ \\XyR^AE)xA (3-41) 
<e-™"ll^'"'-^'ll \\XyRu.AE)xA\, 

where x'"' G T^^, so we have (13.38b . and a;' G A satisfies (13.21b . so - > i^-e.> -j^, and thus 
to" is as in ( l3ltb '. □ 

Now let x,y £ A with — y|| > > K'L'^. If x ^ 6, we apply Lemma [3.S|[ii)| obtaining x' 
satisfying ( 13.211 ). If \\x' — y\\ < K'L'^, we stop. Otherwise we then start from x' and apply Sublemma l3.1 II 
repeatedly, until we get 

_ " II (0) _ II 

\\XyRu.AE)x.\\ < e ^.=ir-i ||x^i?^,A(£;)x,J|, (3.42) 

with X = xq — X(l'\ = x', xf}^ and Xi correspond to x'^'^) and x' in Sublemma 13.111 for Xi-i,y for 
i = 2, . . . , n, and n G N is such that \\xi — y\\ > K'L^ (and hence Xi G Q) for i = 1, 2, . . . , n — 1, and 
W^n — y\\ < K'L'^. If X G O, we start directly with Sublemma l3.1 ll obtaining also (13.42b but with x — xq, 
and Xq^^ and Xi corresponding to a;'-'^' and x' in Sublemma |3.1 ll for xq and y. 

Now let us choose distinct jo, ji, ■ ■ ■ , jr G {0, 1, 2, . . . , + 1}, where < r < iiT + 1, as follows: 

(a) If a; ^ O, we set Jq = and Ag = 0o = {x}. If a; G 8, jo is determined by x G 8^,,. Set also 

Qk+1 = {Xn}- 

(b) Pick ji ^ jo such that for some ii G {1, 2, . . . , n} we have xf^^_i G Aj^ and Xi-^ G Qj^ 



(c) Given jo, ji, ■ • • , js, if «s = n,r = s, so stop. If not, pick js+i ^ {jo, ji, . . • , js} such that that for 
some ig+i 



-1 G {1, 2, . . . , n} we have a,-°|^_^ G A^^ and a:,^^^ G Qj^+i- 
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It then follows from ( |3.42t that 

_ " II (0) _ II 

\\XyRu..AiE)X^\\ < e "''\\\\Ru.AE)\\- (3.43) 

By our construction, 

r r 

J2 - II > J2 '^i^* {^^-1' A J > ||a; - - KK'L^ > \\x - y\\ - {KK' + 1)L«. (3.44) 

s=l s=l 

It follows, using also ( 13.371 ). that 

\\XyR.:AE)xA < e^""(ll"-^ll-(^^'+i)^'')e^'"' < e-*'^^""-^'!), (3.45) 

where 

M = m" {1-C {L'^L-^ +eL-')) , (3.46) 

with a constant C ~ Cs.dy ^i,k,K' locally bounded in E. 

The lemma is proved. □ 

3.3 Suitable coverings of boxes and annuli 
3.3.1 Suitable coverings of boxes 

Definition 3.12. Given scales £ < L, a suitable l-covering of a box Ai(a;) is a collection of boxes of 
the form 

^S(.)={MOUGf , ' (3.47) 

where 

{x + atZ''} n Kl{x) with aG [|,|] n{^; neN}. (3.48) 

Lemma 3.13. Let i < ^- Then every box A l (x) has a suitable £-covering, and for any suitable i-covering 
^flix) of^L{x) we have 

Ai(x)= y A,(r), (3.49) 

for each y G AlIx) there is r G G^^^^j.) with Af (y) f] Ai^{x) C A^(r), (3.50) 
A«(r) n Af(r') = /oraZZ r, r' G x + r 7^ r', (3.51) 

5 

(7)' <#<;(.)-(^ + (3-52) 
Moreover, given y £ x + al'L'^ and n G N, it follows that 

A(2„a+i)£(l/) = U A^(r), (3.53) 

re{2;+a«'i}nA(2„a + i)f(y) 

and {Ae{r)}r^{x+aiZ'^}nA(2„a,+i)iiv) " suitable l-covering of the box A.i^2na+i)i{y)- ^« particular, 

for each y G Z'' f/zere is r e x + ail/- with A* (y) C Ki{r). (3.54) 



Proo/. It suffices to note that £ < ^ ensures [|, |] n n G N} 7^ 0, a < | gives ( |330l ) and (|334l i, 

and a > I yields (|33T] l. □ 

To fixate ideas we make the following definition. 
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Definition 3.14. The standard £-cove ring of a box Al{x) is the unique suitable ^-covering of Ai(x) with 

a = aL,i := max { [f , |] n n e N} } . (3.55) 

We now consider standard coverings by good boxes. 

Definition 3.15. Consider a configuration u; G 17, an energy S R, a rate of decay m > 0, < c < 1, 
and ?7 > 0. A box is said to be (u;, i?, m, ^, 77)- pgood (for predecessor of good) if, letting ^ = Lt+^ , 
every box A^ in the standard i?-covering of A^ is (w, m, <;)-good. 

Lemma 3.16. Suppose the box A^ is [oj, E, m, rfj-pgoodfor some a; G 17, -E G R, m > 0, < cr < 1, 

and rj > 0, set £ = L 1+^, and let < fh < m. Then, if L > L^ f-^ j^, given mi G [m, to], the box A/, is 
{ui,E', Mi,<i)-goodfor all energies E' £ C such that \E' — E\ < e~™i^, where 

Ml = TOi (1 - Cd^p^mL-''''^^ . (3.56) 

Proof. Let Ai be (w, E, to, <;)-good and E' e C with \E' - E\ < e"™i^ It follows from Lemma llTl that 
Ag is {(jj, E' , m2, <r)-jgood if i > l^^fh, with to2 = toi (l — Cfh^^£~'^) . 

Now suppose A = A^ is (a;, E, to, ^, ?7)-pgood and £ > £^ fn . We proceed as in Lemma [3.10l (but note 
that we have 8 = 0). Proceeding as in (13.311 1 and (13.351 1. using the fact that every box A^ in the standard 
i'-covering of A^, is (a;, i?', TO2, <r)-jgood, we get, for L sufficently large, 

\\R..AE')\\ < L'" (2e^"Ve-'"^'T^ \\R.:AE')\\) 

V ^ (3.57) 

where ma = TO2 (^1 - Cd,yp„,p,m,i^) , and hence 

||i?c.,A(^')ll < 4L2^e^'"' < e^'"\ (3.58) 

Given x, y G A = A^ with ||x — y|| > we proceed as in the derivation of (13.45b (with 6 = 0) to 
obtain, using ( |3.58t , 

\\XyR^AE')Xx\\ < e-™^(ll^-^ll-^»4L2V'"' < e-*^ill^-2'll, (3.59) 

where AIi is as in (13.561) . □ 

Lemma 3.17. Suppose the scale £ is {E,m,<;,p)-good, where i? G K, m > 0, < <^ < 1, and p > 0. 
Then, if L = £^^^, where < rj < p, we have 

F{Al{x) is {u:,E,m,c^,f])-pgood}>l-2'^L^^'^ for all a; G M'*. (3.60) 
Proof It follows from ^j} and ( |332] i that 

P { Al is not £'-pgood} < i^2L^y =2'^L^t^'^. (3.61) 

□ 

3.3.2 Suitable coverings of annuli 

Given scales Li < L2, we consider the open annulus 

Al,,l^{x) -.^ AlAx)\Al^{x) = {yGM-^; ^ < ||y-x|| < . (3.62) 
We let A/^j^Li {x) := Ai^^.Li (x) be the closed annulus, and set A^cLix) R'' \ Ai^{x). 
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Definition 3.18. Given scales £, Li, L2 with Li < L2 and i < ^ ^ , a suitable (-covering of an annulus 
^L2,Li {x) is a collection of boxes of the form 

where 

:= {rex + UL,,, + a«'^; A,(r) C Ai,,L,(x)}, with (3.64) 
U.,.:={0,^,-f,^,-^}^{0,^,-^}^ (3.65) 

«G [f4]n{^^^^;neN}. (3.66) 

Lemma 3.19. Consider scales i, Li, L2 with Li < L2 and i < . Then every annulus A l^^l-^{x) has 

a suitable i-covering, and for any suitable l-covering Q^P , of Li {x) we have 

Al..Li(x)= y A,(r), (3.67) 

given y G A^^^Lila;) f/iere w r € Gf^^ ^^^^^ w/f/z A|(?;) n AL^Xiix) C A/?(r), (3.68) 

*^Al,,^i.) < (t^)'#Ul„^ < i^f. (3.69) 

Definition [Til] is similar to Definition 13. 121 and Lemma 13.191 is proven similarly to Lemma 13.131 but 
there are some differences. In particular, we do not have the analog of (I3.51l l. 
As in Definition [TTS the standard ^-covering of Al^.Li (x) corresponds to 

a = aL,M,t := max { [f , |] n n G N}} . (3.70) 



4 The multiscale analysis with a Wegner estimate 

We will prove the following theorem. 

Theorem 4.1. Let H^^ be a generalized Anderson Hamiltonian on L^(R'^). Fix p G ] 31 f [ ^f^d <r, G 
]0, 1[. Then there exist an energy Eq > 0, a rate of decay m > 0, and a scale Lq, all depending only on 
d, Vpcr, 6±,u±, [/_|_, ^,p, <^', such that all scales L > Lq are (E, m, , p)-extra good for all energies 
E G [0, Eq\. In particular, all scales L > Lq are (E, m, (,,p)-goodfor all energies E G [0, £'0]. 

To prove the theorem we first obtain an a priori estimate on the probability that a box A^ is good with 
an adequate supply of free sites for all energies in an interval at the bottom of the spectrum (Proposition l4.3V 
Next, we perform a multiscale analysis to show that if such a probabilistic estimate holds for a given energy 
at a sufficiently large scale, then it holds all large scales (Proposition 14.6b . Theorem 14. II is an immediate 
consequence of Propositions [43] and 14.61 

Remark 4.2. If is not an atom for the measure ji in (12.6b . Proposition 14.51 provides an alternative to 
Proposition l4.3l giving an a priori estimate in a fixed interval at the bottom of the spectrum for sufficiently 
high disorder If we also have /x([0, t\) < Cf, with 7 > appropriately large. Proposition 14.5 l and Propo- 
sition l4.6] (and their proofs) yield an alternative high disorder version of Theorem 14. 11 



4.1 'A priori' finite volume estimates 

We set q = max {q, 2}, where q G N is the period of the background periodic operator V^cr in ( 12.10b . 

Proposition 4.3. Let H^^ be a generalized Anderson Hamiltonian on L^(R''), and fix p > and < e < 1. 
There exists L — L{d, Vpa, w_, ^,p, e), such that for all scales L > L and all x G M'* we have 

^{h^M.^l{x) > {{p+l)d\og{L + 8+ + q))-'^ forall ts G [0, l]'^} > 1 - L^p^ (4.1) 
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where S — Sx,L,q — \ q'L'^. In particular, setting 

EL^\{{p+l)d\og{L + 5++q)y^ and mL - ^/E^, (4-2) 

it follows that for all scales L > L, x £ R'^, ts G [0,1]"^, and energies E G [0, £'l], we have, with 
probability > 1 — L^^'^, that 

\\Ru..ts,AUx)iE)\\ < ST' (4.3) 

and, for all y, y' G with \\y — y'\\ > 20\/d, 

\\XyRu.,ts.f^.(^)iE)Xy'\\ < ^e-i^ll^-^'lL (4.4) 

In particular, given g]0, 1[, there is L — L{d, Vpcr, u^,6-, fi,p, , e), such that all scales L > L 
are {E, mL,<;, ,p)-extra good for all energies E G [0, E^]. 

Proof It suffices to prove (14. Il l, since given H^ ts.AL{x) > 2i?L, for all E G [0, El] we get immediately 
(14.3b . and ( 14.41 ) follows by the Combes-Thomas estimate. (We use the precise estimate given in I.GK2. Eq. 
(19)], which is also vaUd for finite volume operators with Dirichlet boundary condition.) Moreover, in view 
of ( I2.I2I 1 and ( 12.141 1. it suffices to prove (14. Il l for the case when U — 0, and = u^Xas (C) ^'^^ 
( G gZ'', = otherwise. 
So let 

=Ha + yi") , with yj') (x) := ^ uj^ u{x - C), (4.5) 

where u = u-Xas (o)- Note that H^^ is an Anderson Hamiltonian as in Definition l2.1l except that Z"* was 
replaced by q'Z'^ and the periodic potential has period q, and hence its integrated density of states A^^'^ (E) 
is well defined with the usual properties (cf. OCLIIPFI ). Given a box A, we define the corresponding finite 
volume operator as in ( 12.161 ). For scales L G qN we set 



K"AjE):^trX]^o.,E][K\^), (4.6) 
where 

HL'\y-=HoA + vi% on L2(A), (4.7) 

where Hq a is as in ( 12.171 ) and V^''\ is the restriction of K^"'-' to A. In general V^''\ ^ KI'a' have 
( 1X20] ). 

We recall (e.g., [CL, Eq. (VI.15) on page 311]) that 

^ (n^J^JE)'^ < N^'^He) \Al\ forall L E qN. (4.8) 
We now use the Lifshitz tails estimate as in IIKlo3l Remark 7.1] (note that it applies with /i as in (12.61 )): 

,. log|logA^fa)(g)| ^ d 

lim '— < (4.9) 

-E^o log E 2 

It follows that there is an energy Ei — Ei {d, Vpcr, u- , (5_ , fi, e) > 0, such that 

_ d 

AT^"?) (£:) < e"^ for all energies E < Ei. (4.10) 

Combining ( 14.6b . (14.81 ) and ( 14.101 ). and using Chebyschev's inequality, we get that for all scales L G qN, 
X G M'^, and energies E < Ei, 

n [0,i?] ^ 0} < E (A^f:'i,(.)(i?)) < e-^"*L^ (4.11) 
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and hence 

P{Hl'\^^^^>mm[iip+l)d\ogL)-'^ ,E,]] > 1 - L'P'^. (4.12) 
To get (14.1b from (14.12b . given a scale L > 1 we set 

Ly ■.= mm{L' e qN,L + S+ < L'} . (4.13) 

It follows from ( |Z20] i that 

^A.wKil,(.)=Kil(.)- (4-14) 

Since we are using Dirichlet boundary condition for the Laplacian, we conclude that ^"^^^ '^(H^J^^f^^^) > 
Since L -\- < Lq < L -\- -\- q, we conclude that 

P > niin {((p + l)dlog(L + 5++ g))"^ , > 1 - L'^^ (4.15) 

for all L > 1. The desired estimate (14. lb follows for all scales L > L, where L — L{d, V^er, u-,6-, /i, p, e). 

□ 

Remark 4.4. In the absence of a periodic background potential, i.e., V^or — 0, one can prove a slightly 
modified form of Proposition l4.3l using ideas from HBoKI instead of Lifshitz tails. As in the proof of Propo- 
sition l4.3l it suffices to consider the operator H^^ = — A + V^., where VL; is as in ( 14.5b . Setting K > 105^, 
A = Al, It follows from the lower bound in (12.14b that there exists a constant Cu_,S-,d > such that 

Vu,j^{x) -.^ I K,A(a: - a)da > Cn_,5_,dll;,AXA(a;), (4.16) 
K Jak(o) 



where 



r^,A:=min^ V lu^ . (4.17) 



IT 



It follows from standard estimates (e.g., fY^, Proposition 3.3.1]) that, with jj, and a the mean and standard 
deviation of the probability measure fj,, we have 

h E -C<fUe---^ (4.18) 



where 



and hence 



p{k,,a < |} <iV^^'. (4.20) 
It follows from ( 14. 16b and ( |4.20b that, with c'^_ g_ j^ = ^Cu_,S-,d, 

P{Vu.A > cL,5_.<iMXA} > 1 - L''e-^''\ (4.21) 
so, if V^j^ > g_ /IXa, we have 

i?^,A -Aa + XaV^^ > c'^_ s_^^fl on L^{A). (4.22) 
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Thus, if e C^{A) with \\ip\\ ^ 1, we have 

if, H^^ALp)^ ^ {lp, H^^f^Lp)^ + {lp, {V^^ - V^^) if)^ 

> Cu_,5.,dfi + {V, -F^J f)^, (4.23) 

> c'„_,5_,d/^+ (¥',K.A¥')Rd - ^ / {ip{- +a),V^^ip{- +a))da 

> 4_,<5_,d/^- / \{V',Vu,A^) ~ ivi- + a),Vu,^(p{- + a))\da 

K JakW 

1 

> cL,5_,dM-cL^I|VA(/3||A > c'^_^s^Mf^- c'uK {ip,Hu:,Aip)A, 

where we used 

M- + a) - ^lU. = ||(e-^ - 1)4^, < \a\ ||V^|U. = |a| HVa^IU . (4.24) 
It follows that there is Ku,d > 0, such that for K > Ku,d we have 

(^,iJ^,A^)^>C_,,|^. (4.25) 
Since this holds for all ip G C^(A) with \\ip\\ — 1, we have 

H^,A>c'L,s.,d^ onL2(A). (4.26) 

From (14.211 1 and ( 14.26b we get 



-2 



H^.A > ,d ;^ I > 1 - i'^e— . (4.27) 

Given p > 0, we take K — (^^^j-^ log Lj and get 

^{h^^a, > 2C^_.s_,^,,d,p (logi)"*} > 1 - L^P^ (4.28) 

for L > Lu_,5_.fj..d,p, where C„_^5_.^.d,p > is an appropriate constant. 

We then take n e N and let S = Sa = nZ'^ n A. If n < if , we get, as in (14.161 1. that for all ts G [0,1]'^ 
we have 



Vu>A.ts{x) ^ I K,A.ts(a; ~ a)da > c„_,5_,dll,,5,AXA(a;), (4.29) 
K.,s,A - min -i^ ^ wc- (4-30) 



CeAic(?)\S 

3 



where 

V _ o A •= min 

Proceeding as above, we conclude that 

p{H^,ts,AL > '2Cu_,&.,^,d,P,i {^ogL)--^ foralHs G [0,1]'^} >1-L-p\ (4.31) 

fori > Lu_.s_.fj..d,p,q, where Cu_,s^,tJ.,d.p.q > is an appropriate constant. 

If is not an atom for the measure /i in ( I2.6l l, i.e., if /i({0}) = 0, we can also obtain a high disorder 'a 
priori' finite volume estimate. 

Proposition 4.5. Consider the generalized Anderson Hamiltonian H^ x — Hq + XVu, on L^(M''), where 
Hq and VLi are as in (12.10b and A > 0. Suppose is not an atom for the measure /i in (12.6b . There exists 
an energy E = E{d,Vpcr,U-,S^) > 0, such that, fixing Eg G]0,i?[ and p > 0, given L > 100(6-^- + 1) 
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there exists a constant X(L) — X(d,VpcY,U-,6-, ii,p, Eq, L), nondecreasing as a function of Eq, soforall 
X > X{L) we have 

P{i?a,,ts,A,A^(x) > E^ for all ts £ [0, l]'^} > 1 - L-P'' for all x G (4.32) 

where S = S^^L,q = '^l{x) \ qU^. Thus, for all E E [0, Eq[, x E R'^, ts E [0, l]"^, and X > X{L), it 
follows, with probability > 1 — L^p'^, that 

\\Ru..ts.X^U-)iE)\\ < (Eo - E)-\ (4.33) 

and,fory,y' E Al, \\y - y'\\ > 20%/d, 

\\XyR^,ts,x,AU-){E)Xy'\\ < 2{Eo-E)-'e-i^^^h-y'\\. (4.34) 

In particular, given e]0, 1[, and < Ei < Eq < E, there is L — L(d, i^o — Ei), such that for 
all energies E E [0, Ei] a scale L > L is {E, ^\^Eo — Ei, ,p)-extra good if X > X{L). 

Proof. Similarly to the proof of Theorem 14.31 in view of (I2.14t it suffices to consider the case when = 
u-Xas (C) C € Given t > 0, we set H{t) = Hq + V{t), where V{t) = t X^^eZ'' ^ periodic 

potential with period one. Then E{t) = a{H{t)) is a strictly increasing continuous function of t > 
with E{0) — (see IIKlo2l Lemma 3.1 and its proof]); we set E{oo) — limt_j.oo E{t) > 0. Given a box 
A ~ Al(x) we let iJ^j^A.A and H\{t) be the corresponding finite volume operators to H^^ x and H{t). 
(HA{t) = H^^t,A with LUj = 1 for all j E Z'^.) Since we are using Dirichlet boundary condition, we have 
HaIi) > E{t), and hence 

Huj,x,A>E{t) if Xujj>t for all j eA. (4.35) 

Given Eq e]0, -E(oo) [, let to > be defined by Eq = E(to). We conclude that 

^{H^,x,A >Eo}>l- iV([0, f [))• (4.36) 

Since ^({0}) = by hypothesis, we have lim;)j_j.oo xD) ~ hence there exists X{L) = 

X{d, Vpor, U-,S-, fj,,p, Eq, L) < oo, such that 

P{i^a.,A,A >Eq}>1- L-p'^ for A > X{L). (4.37) 

To prove a similar estimate with free sites, we set H^^^\ = Hq + XvS"^^ with V^''-' as in (14.5b . Proceeding 
as above, let = Ho + V'^'^^t), where V^i^t) ^ tJ2ceqZ'' ^(^ " C), set E'^^'^t) = inf (T(iJ(«) (t)), 

and let E^i^oo) = liuit-^^ E'^i^t) > 0. Given Eq e]0, E^i'> {oo)[, let > be defined by Eq = 
(^o'^^)- Given a box A = A/,, we set = A/, \ qZ'^. We conclude that there is A(L) < oo such that for 
all A > A(_L) we have 

P{i?<.,tsAA>Soforall e [0, 1]^} > 1 - (|) V([0, ^)) > 1 - i^^^ (4.38) 

which is ( |432] |. As in Proposition |431 if A > A(L), then for all E E [0, Eo[ and ts E [0, l]'^, it follows, 
with probability > 1 - L"*"', that we have (|433] l and ( |434l i. □ 

4.2 The multiscale analysis 

We now state our single energy multiscale analysis for generalized Anderson Hamiltonians. 

Proposition 4.6. Let be a generalized Anderson Hamiltonian on L^(R'*). Fix Eq > Q, p E ] | [> 

<j, <;', T, pi,p2 G]0, 1[, with r < <r and p2 = ni E N, such that 

^<Pi< 1(1-0 and p< ipi(l-0)-p2. (4.39) 
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There exists a finite scale Lq = Lq (d, Vpcr, S±, u±, C/+, /i, £'o,P, Pi, P2, t) with the following prop- 
erty: given an energy E G [0, £'0], a scale Lq > Lq, and a number 



if all scales L € 



T T 



[E, i^' ,py extra good. 



mo > (4.40) 



are {E, m^)^ ,p)-extra good, it follows that every scale L > Lq is 



Remark 4.7. To satisfy (14.39b and (I4.40l l. we may pick P = |— , and appropriate pi = |— , ^ = 0+, 

= 0+, r = 0+, p2 = 0+. 

Remark 4.8. The restriction P G ] 5 , | [ comes from the use of the quantitative unique continuation prin- 
ciple, stated in Theorem |AT| and used in the form given in Corollary |A.^[i)[ which gives a lower bound of 

the form R^^^ '^ in ( |A.6t . It is instructive to see what happens if this lower bound was of the form R~'-^^ 
for some 7 > 0. In the multiscale analysis, Lemma |4TT] requires < pi in (|4.46t . The lower bound of 
(IA.6I 1 is used to prove Lemma 14.141 the important estimate ( 14.591 ) is useful only if 'ypi < 1. Lemma 14.161 
uses p < ^pi to get the probability estimate (14.113b . We conclude that the multiscale analysis requires 

7<i^ and 7-l<p<^, (4.41) 
^<Pi<i(l-<r) and p < - - P2. (4.42) 

Since the quantitative unique continuation principle gives 7 = | < we can perform the multiscale 

analysis with P € ] |, | [ and ( 14.391 ). 

The proof of proposition |4j6] will require several lemmas and definitions. We fix an energy E G [0, £'0], 
and letp, pi, p2,Tii,T be as in Proposition |4.6l satisfying ( 14. 39b . 

Definition 4.9. A collection C of scales is called {E, <;', p, r)- extra good if for each £ G C there is a rate 
of decay mi, with 

me > e-\ (4.43) 
such that for each box there is a (A^ , E, m^, ^')-extra good event satisfying (13.16b . 

In the following definitions and lemmas, given a scale L, we set £1 = L^^ and £2 — £1^ — L^'^p^. We 

also set Ln — for n = 0, 1, . . . , rii; note Lq — £1 and L„j = £2- 

We start by defining an event that incorporates IIBoKI property (*)]. Note that by writing "TZ = 
{A.i{r)}rf=R is the standard ^-covering of A^" (cf. Definitions 13 . 1 21 and |3 . 141 ). we will mean that TZ = Q^^^ 
as in ( 13.471 ) with a as in ( |3.55b ; in particular, R = <g''11 as in ( 13.481 ). 

Definition 4.10. Given a box A^^, let TZn — {AL^(r)}rg_R„ be the standard L„-covering of A^^. Fix a 
number K2 G N. Then: 

(i) A box Afj is said to be {u), E, K2)- notsobad if there is 8 = U^efl;^ K^i^{r), where R'^_^ C Rm 
with #-Rjij < K2, such that for all x G A^^ \ 8 there is a (a;, E,mL^, <^)-good box A^,^ (r), with 
r G Rn for some n G {1, . . . and A_L^(a;) n Ae^ C AL^(r). 

(ii) An event Af is (A^^ , E, K2)- notsobad if A/" G ^a^^ and the box A^^ is (u;, E, ii'2) -notsobad for all 
a; G A/". 

Lemma 4.11. Suppose n = 1, 2 . . . , ni} is {E, ,p, T)-extra good. There exists a constant K2 = 
K2{d,p, pi, P2), and for K2 G N with K2 > K2 a constant £1 = £i{d,p, pi, P2, K2), such that for any box 
with £1 > £1 there exists a (Afj^, E, K2)-notsobad event Mk^-^ with 

n-bd 



{AAa,J>1-V^. (4.44) 
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Proof. Given Ai^_^(r) e 7?.„_i, we set 

n^ir) := {Al„(s) e 7^„; Ai„ (s) n Ai„_, (r) ^ 0} and 
i?„(r) := {s e i?„; Ai„(s) e 7^„(r)}. 

We have AL„^,(r) C Usefl„(r) Al„(s) and, similarly to (ESI, #i?„(r) < (^^j^)'^- Fix a number iiT', 
and define the event A/a^^ as consisting of u> E fl such that, for all n — 1, . . . ,ni and all r £ Rn-i, we 
have a; € ^Ai, (s) for all s £ Rn{r), with the possible exception of at most K' disjoint boxes Al„ (s) with 
s £ Rn{r)- We clearly have A/a^,^ £ J-Ag^ ■ Since {L„; n = 1,2 . . . , ni} is (i?, i;, <;',p, r)-extra good, the 
probability of its complementary event to A/a^ can be estimated from (13.16b : 

m 

p {n \ A/-A,, } < J2i^rC-^f''L~^''' 

n=l 

< 2d^K'd^^^-Pi^'^ {K' {pi{pd+d)-d)+d)+d (4 46) 

where the last inequality holds for all large £i after choosing K' sufficiently large using (|4.39l l. 

Given a; £ Nai^ , then for each n — 1, . . . , rii and r £ we can find si, S2, . . . , sk" G Rn{r), 

with K" < K' — 1, such that lj £ Eal„(s) if s € Rn{r) and s ^ UjLi A3L„(sj)- (Here we need boxes 
of side 3L„ because we only ruled out the existence of K' disjoint boxes of side L„.) Since each box 
A3L„(sj ) is contained in the union of at most C" boxes in TZn, we conclude that for each u) £ Ma^^ there 

ssQti,t2,...,tK"' £ i?„i,withX"' <K2 = (C"(/r - such that, setting 6 U^'I'i As^^al^j), 

for all X £ Ki^ \ we have uj £ for some n — 1,2, . . . ,ni and s £ Rn, with At„ (cc) n A^^ C 

Al„(s). " ^ □ 

Definition 4.12. Fix Ki,K2 £ N. Then: 

(i) An event V is called {A, E , Ki, K2)-prepared if, with TZ = {A^^ (r)},.g/j being the standard £i- 
covering of A = A^, there exists a disjoint decomposition R = R' Li R" with < Ki, such 
that 

p=| n CA..('-)|n| n -^a..wL (4-47) 

where Ca^^ (r) is a (A^ ^ (r), £', ^ , S'c^^ )-adapted event for each r e i?', and A/a^^ (r) is a 
(Afj {r),E, iir2)-notsobad event for each r £ R" . In this case we set 

5p := |s e A; s£ Ai, {r) ^ r £ H and s £ Sq^^^ } (4.48) 

= U {sc.,,.^ U {^^y)\sc.,^.')\ \ U ^^.w- 

r-Gi?' \ r'eR'\{r} J reR" 

(ii) An event Q is called (A, E, Ki,K2)-ready if it is the disjoint union of a finite number of (A, i?, Ki, K2)- 
prepared events, i.e., there exist disjoint (A, E, Ki, _ftr2)-prepared events {7'j}j=i,2,...,j such that 

J 

Q-LJT',. (4.49) 

The set S-p in ( 14.481) is the maximal set with the required properties. It follows from ( 13.51b that 

□ {^c.,^,^,nA^(r)} CS^,, (4.50) 

rG-R' 

and nothing would be lost if we had defined S-p by making (14. 50b an equality. 
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Lemma 4.13. Suppose{Ln] n ^ 0,1, ... ,ni} is {E^<;,<;' ,p,T)-extm good. For sufficiently large Ki, K2 G 
N, depending only on d,p, pi, p2, if L is taken large enough, depending only on d,p, pi, p2,^' , Ki, K2, the 
following holds: 

(i) IfV is a (A, E, Ki, K2)-prepared event, then S-p is a -abundant subset of A andV G J'a\Sj,- 

(ii) There exists a (A, E, Ki, K2)-ready event Q such that 

P{Q} > 1 - 2L"2d^ 

Proof. Let V he a (A, E, Ki, A'2) -prepared event, as in (I4.47K and let S-p be as in ( 14.481 ). In particular, 
G -^A\Sp- Since < Ki, it follows from (14.50b . using ( 13.14b . that for all boxes Kl c A we have, 
with L sufficiently large, 

# (Sv n A. ) > 4^-^'"^ (^(1^ - 2) ' - i^i) > L(i-')^ (4.52) 

and hence 5*73 is a <;'-abundant subset of A. 

We now use the hypothesis that {Ln, 7i = 0, 1, . . . , ni} is {E, ^, ,p, T)-extragood. For each r E Rwe 
pick a (Af J (r) , E, mi-^ , ^')-extra good event £/^^^ as in ( 13.151 ) with ( 13. 16b . Taking K2 and L sufficiently 
large so we can use Lemma |4. 11 1 for each r S i? we also pick a (A^j^ (r), E, i4r2)-notsobad event A/a^^ (, ) 
with ( |4.44b . and set A/"^^ = -^Ae-^ir) \ ^Ai^{r)7 clearly also a (A^^ (r), i5, i4r2)-notsobad event. Given 
Kl G N, define the event Q by the disjoint union 



Q:= y Q{R'), where 

#(fl\fl')<ifi 

2(^')=(n^A..(o|n| n -^a.. 

Uefl' ) I reR\R' 



H^(R\R')<Ki 

(4.53) 



(r) 

Using the probability estimates in (13.16b and ( 14.44b . and taking Ki sufficiently large (independently of the 
scale), we get (14.511 ). This can be seen as follows. First, using ( 14.441 ). we have 

p{fA.,w UAA;^^(,)} > p{aAa,^(.)} > l-L-^P^\ (4.54) 

and hence 



^r£R 



h J (4.55) 



> 1 - 2'*L"(6pi-i)d j^-2d 



for large L, where we used ( 13.52b and ( 14.39b . On the other hand, letting Ki = C'{K' — 1), it follows from 
dTTel l and ( |439] | that 

P I there are K' disjoint boxes Ag. (r) G TZ with u: 4 f a» (r) r 

' J (4.56) 

if > p^(p-^i)_i ™d L is large enough. We now take C" = S'' — 1, ensuring that the complementary 
event has at most Ki (not necessarily disjoint) boxes A£j^(r) G TZ with a; ^ ^a^ (r)- The estimate (14.511) 
follows from (14.55b and (14.56b . 

Moreover, it follows from (13.15b and (14.53b that each Q{R') is a disjoint union of (non-empty) events 
of the form 



KreR' ) [rei?\i?' J 



(4.57) 



where Cajj^ (r) is a (A^^ (r), E, mg^ Sc,^^ )-adapted event for each r E R' . Thus Q is a (A, E, Ki, K2)- 
ready event. □ 
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Given a box A and a number Y > 0, 

Wa,y := e \\R:.ME)\\ > Y} 
is a measurable subset of ft, i.e., an event, and moreover Wa.y G J- a- 



(4.58) 



Lemma 4.14. Given a box A = A^,, let V be a (A, E', ii'i , K2)-prepared event, and consider a box A^^ C 
A with Li = (2/ciQ! + 1)^1, constructed as in ( 13.531 ) from f/ie standard £i-covering TZ = {A£j(r)}rg_R 
o/ A, vv/zere /ci G N, fci > lOOA'i. Then, there exist constants Ci = Cd.Vp^^.^ji..8±.u±.u+.pi,EQ.Ki K2> 
C2 = Cd,v^^^,f_t,Ki,K2,Eo> and L = Ld,^_i,s±y^^,,u+,Eo,pi,P2,<;,<;' ,Ki,K2 (the constants are all independent of 
ki), such that for all scales L > L we have the conditional probability estimate 



< 



(4.59) 



Proof Let V he a (A, E, ifi, i4r2) -prepared event as in (I4.47t . and let {Abj^^j^ 2 ^ be an enumeration of 



the notsobad boxes {Ai-^{r)} 



rGi?"nAt^ 



; note B < Ki. For each 6 = 1, 2 . . . , i? we let 0^ C A;, be as in 



DefinitionlllOl so < 3'^K2ii We set 9 = uf^^eb, and note |e| < S'^i^ii^s^f- 

It follows from ( |332] | and fci > lOOXi that # (i?n AlJ > (200i4:i)'', so we can pick distinct 
{rb}i,^i 2 B C R' O Ali such that for all 6 = 1, 2 . . . , _B we have 



Ui < dist {rb, Afc} < UKiti and dist {rb, Ub'=i^b' } > 4^i. 
Thus, the boxes A «i (r^) > are disjoint, and it follows from (|3.14| i that for each b we have 

L — J 6=1,2...,B 



(4.60) 



#(^c.,^,^^,nAa(r6)) >iVi [4 



(l-5')<i 



We now pick distinct free sites {Cbj} -li C S'c^ >' ^ ~ ^ • 



(4.61) 



, B, and let S - U,ti {Cb.jjp so 



S" C S'-p by ( 14.50b and we have 



#5* = BNi < Kii[^~''^'^. 



Given ts — {^cl^gs G [0, 1] , we consider H^^ t 
set ^ ^ 



s,Ali as in dTB. We fix u; e 7^ e ^a\St= C Ja\s 



(4.62) 
and 



(4.63) 



Since Ht^ > has compact resolvent, it has nonnegative discrete spectrum. Using the min-max prin- 
ciple as in MFK31 Theorem A.l], these eigenvalues (repeated according to the finite multiplicity) are given 
by 



Enits) 



inf 

£CX'(AAr );dim£=n 



sup \i),Htsi^ 

■!/'££: ||V'II=1 



for n e N. 



(4.64) 



Thus, < Ei{ts) < E2{ts) < • ■ ■ En(ts) < En-^-l{ts) < . • ., and each En{ts) is a continuous function 
of ts, monotone increasing in for each G S*. In fact, we have 



\Er,{ts) - Er,{t's)\ < \\Vt,-Vt'\\<\ts-t's\^'^ 



(4.65) 



a general bound does that does not take advantage of our construction. To do so, we note that for ^ e 5, 
each En{ts) is piecewise differentiable in for fixed ts\{c} ('^f- \^ Section Vll.3.5]), with 



d_ 



En{ts) = (V'n(*s),UcV'n(<5)) 



(4.66) 



where by ijjnits) we denote a corresponding normalized eigenfunction: 

HtsA^{ts)^E,,{ts)^J^{ts). ^„(ts) e 2?(Aa^J with |lV'„(*s)|l = 1. (4.67) 
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Combining with ( I2.14l i. we get 



d 



We set nil = me-^, an consider the intervals 

/i = [£;-e-2™i^i,£; + e-^"i^i] and h = [E ~ e-'^"'''^\ E + e''^"'''^'] 



(4.68) 



(4.69) 



If En{ts) G I2 for some ts G [0, 1]"^, we can use Lemma [3.^fiii)[ namely ( 13.231 ). to conclude from the 
upper bound in ( 14.68b . using (14.62b . that for all t'g e [0, 1]'^ we have 



\En{t's) ~E\< e-4™i«i ^ u+SfKi£'-^'''^'^e-^<^' < e~^"'''^\ 

and hence En{t'g) G /i. In particular, if —Qs means —Q for all C e 5, we have 

# {n e N; En{ts) G h for some ts G [0, 1]^} 

< iV2 := # {n e N; Er,{Os) G /i} = tr [xi, (i?Os)} 

General estimates yield (cf. llGKSl Eq. (A.7)]) 



(4.70) 



(4.71) 



(4.72) 



which is not good enough for our purposes. To improve the estimate, we apply Lemma [3.S|t^iii)| If En (ts) G 
/i, it follows from (13.22b and our construction that 



a; ^ e 



and hence, for large L, 



It follows that 



< Lie 11 2 < e 14^2 



tr 



1 Ol-T 

< e 7V2. 



(4.73) 



(4.74) 



(4.75) 



Recalling that 9 is a union of at most K1K2 boxes of side 3^2, and using the trace estimate given in IIGK5I 
Lemma A.4], we obtain 



N2 < (1 -e~?^^ 



XxXeXi 



.r[xeXi, (i?os)} 



(4.76) 



a huge improvement over (I4.72t . 

In addition, if £'„(ts) G Ii we conclude from (14.74b that there exists b' E {1,2,..., B} such that 



|Xe,,V'n(*s)|| >B-i {1- e-^^^"M ' > (2Xi) 



(4.77) 



In view of ( 14.60b . it now follows from the quantitative unique continuation principle ( HBoKl Lemma 3.10], 
see Theorem lA.lb . which we use in the form given in CoroUarv lA.^fi)! that 



XAs_(C,,„)Mts) >e-^^^?('°s^^) forallj = l,2,...,7Vi 



(4.78) 



with a constant 



C3 = (1 + lll^pcrll + Siu+ + U+ + Eoy , Where Cd,K,,5- > 0. 



(4.79) 
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To exploit ( 14.781 ). we set = {Cbj}i,=i^2....,B ^ = l,2,...,^i, and let u^^ := J2b=iHi,.j 
XAs^ (O — Ef=i Xa,^ ic,,j- It follows from gjHll that 



XAs_(c,)Mts) >e-^^^^('°s^i) forallj = l,2,...,iVi. 



(4.80) 



Given J C {1, 2, ... , Ni} we let Sj ^ U^ejCj. 

We now set tj = {kb.A b=i.2,....B ^ ^ l,2,...,iVi, and write ts = Given j' = 

1, 2,..., iVi, we also define e^.^'^ = {e'f'^] hye^/'> = (5,. ,foi-6= l,2,...,B,j = l,2,...,iVi, 

L ^'••^ J 6=1,2,...,B ^''■J 

and let ^ = je^-' H .It follows, as in ( |4.66t and ( |4.68t . that for En{ts) e h we have 

L -' J 7 = 1 



djE„{ts) - lim i (£;„(ts + sef) - E„{ts)) , 



where 
so (14.80b yields 

We pick Q < 9_ < 9+ <l such that, letting 

— ^ {{uj < and p+ ~ fi {{uj > ^-i-}) 



(4.81) 
(4.82) 

(4.83) 
(4.84) 



we have p± €]0, 1[. (/i is the probability distribution in (12. 6t .) Such 6± always exist since /i is non- 
degenerate, and we have p- + p+ < 1. We set Ofj, = 9+ — 9- e]0, 1]. 
We now define random variables 



max ujc, . and lo: 



■> 6=1,2,...,B 

and consider the events 

_ ,+ ^ a \ ^7(2) _ 



6=1,2,...,B 



^Ci,,, j = 1,2, . . . ,iVi, 



(4.85) 



(4.86) 



It follows from (14.841 1 that 

p(i) :=p(3^j^)) =pt P^'^ ■■=v{yf) =vl, andp(") ■■=^{yf) = P^'^ + P^'^ ■ (4.87) 



We now introduce Bernoulli random variables ti^"' = X,,(a), a = 0, 1, 2. Then 77^°' = ■[tiI"'']- are 
independent, identically distributed Bernoulli random variables with P 1 7/^°^ ~ "'^l = P*"""* ■ Note that 7/^°'' — 



^7^^ + '7?'', and 



(0) (1) , (2) 



and 



(a) 
(0)"' 



a = 1,2. 



(4.88) 



We consider the random index set given by J^(n) = |j G {1,2,..., A^i} ; 7]j°^ = l|. Then #J^(( 



Efci vf'^ aiid standard large deviation estimates IIHol Theorem 1] give 



' |# J^(0) < i 



< e 



(4.89) 



ryW (^^) = ^t^i (^^) = i_ It then follows from K83[ that 



Suppose En{uJs), En{(^'s) G -^1, such that for some j we have uj^ = for C e 5 \ C^, and we have 



E,,{u}'s)~E,,{u}s)>u^9^e 



-2C3^f (log^i) 



(4.90) 
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We set 



/ = 



E — ^u^Oi^e 



-2C3£f (log^i)^^ ^ l^_g|^g-2C3ff (log^i 



and we will estimate (we write rj — rj''^^) 

Ps {Eniujs) ei\v} = E.7^{P,7^ {E„Ws) e /}} 
where, given J C {1, 2, . . . , A^i}, we write 

P./{-}:=lPs,{-h, = 1, je J}, 
Ej { • } IEs\s., { • = 0, J ^ J} . 

It follows from ( |4.88t that, with respect to Pj, r;^^^ = 1 
distributed Bernoulli random variables with 

^(2) 



(4.91) 



(4.92) 



(4.93) 



?7,- ' > is a family of independent identically 

^ he J 



/ (2) i\ P P+ ■ ^ T 



The configuration space of J7j {0, 1}"', is partially ordered by the relation defined by e -< e' 
e'j ; for all j e J. Let us write uJs = {^sXSj^'^Sj)- For a fixed uj^^g^ we set 



(4.94) 



e, < 



(4.95) 



It follows from ( |4.90t and ( |4.91t that -A^^s^s^ is an anti-chain in {0, 1}'^, i.e., if e, e' e -A^^s^^s^ and e -< e', 
then £ — e' . Using the probabilistic Spemer Lemma given in IIAGKWI Lemma 3.1] with ( I4.94l i. we get 

(4.96) 

{P-P+)~ V#J 

It follows from K92\ and that 

Ps{EniuJs)eI\v}< 



{E^ {u:s,s.„^s.) e 1} = h UP e A^,,,\ < ^^(^-/^ . 



2V2 



ip-p+) ' v¥J^ 

Combining (I4.89l l and (I4.97l i we obtain 



(4.97) 



(4.98) 



We now conclude from (|4.98l l. (I4.71l i, and ( 14.76b that 

-1 



s 



(4.99) 



•''2' 



with a constant C4 = Cd,n,v^,,^KuK2,Eo- 

RecalHng V £ J^a\s-p ^ -^A\s. it follows from ( |4.99l l that 



(4.100) 



1 2C3^F(log£i) 



< C4^i ''^''£^P{7'}, 



which yields ( 14.591 ). 



□ 
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(4.102) 



Lemma 4.15. Given a box A — A^, let V be a (A, E, Ki, K2)-prepared event. Then, if L is large enough, 
depending only on d, p, 5± , Vpa, ,p, Eq, pi, p2, <r, t, Ki , K2, there exists an event W-p C V, with 

p{yvp} < C2ifii"*('''^^"''''"^'")p{p}, (4.101) 

where the constant C2 is as in (I4.59l l, such that the event V \ YV-p is (A, i?, mi,, ^, i,')-adapted with 

rriL = mt^ (l - Cd,v^,,,Eo.KiL^'^) > L^"^ , where 
(3 = min {(1^(1 - _ r) pi, i (1 - |(1 - 0" Vi) } > 0. 

Proof. Let P be a (A, E, iiTi, 1^2) -prepared event as in (14.47b . We take 

K = ^{l + lpi{l-q)-^) , SO Ipi{1-^)-^ <K<1, (4.103) 

where we used (14.39b . and we have 

K^-rpi > (|<r(l-^)-^-T)pi. (4.104) 

By geometrical considerations, we can find disjoint boxes {Aj j^^^^, J < < A'l, where each Aj = 

C a is constructed as in (13.53b from the standard £i-covering TZ = {A^j^ (r)}re_R of A with L'^ < 

(A ) 

Lj < KiL'^, and for every r £ R" there exists a (unique) jr G {1, 2 . . . , J} with Ag^^r) C A^-^ ' ^° . Since 
it follows from ( 14.103b that (L large enough), 

gC,Lf-logL<gL«<-^)^ (4.105) 

we conclude from Lemma I4.14l that for all j = 1, 2, . . . , J, letting 

Wj = {\\R^,A^{E)\\ >e^'''"''}n7', (4.106) 

we have 

P{yVj} < C2L-i^P^^^-''"^-^P-')T {V) . (4.107) 

We set Wv = u/^iWj C V, so ( 141011 ) holds. 

Since is a (A, i?, Xi, _fi'2)-prepared event, the hypotheses of Lemma 13. 101 are satisfied for uj e 
V \ W-p, so we conclude that the box A is {lj, E, m^, <;)-good for all a; e \ Wp with niL as in (14.102b . 

Moreover, for all j we have | ||i?tj.Aj {E)\\ > e^"'^ ' } "^^j' ^° follows from (14.47b that Wj G 
J"an where A^- = {x G A; dist(x,Aj) < £1}. Let A' = u/^iAj- It follows that S-p\Wv '^'p \ ^' 
consists of free sites for V \ W-p, i-e., the box A is (u), E,mL,ii, S-p\)^^)-good for all a; e \ W-p. 

To conclude that 7'\ Wp is (A, E,mL,(;, <;')-adapted we need only to show that S-p\w^ is <;'-abundant. 
This can be shown is as in Lemma[3.S|ti)| Since 



□ 5c^^^<., nA^(r)c5p\Wp, (4.108) 

rei?,'\A' 



it follows, using (13.14b . that for all boxes A l C A we have (L sufficiently large) 

5 

# (^nw. n A.) > et^'^' ((l^fr - 2)' - (f^)') > l^'-'''" 



(4.109) 



and hence S-p\y\;^ is a <;'-abundant subset of A. □ 

Lemma 4.16. Suppose [Ln] n — 0,1, ... , ni} is (E, <;' ,p, T)-extra good. Then, if L is sufficiently large, 
depending only on d, /i, 5±, Vpcr, U+,p, Eq, pi, P2, t, the scale L is {E, tjil, <j, c,',p)-extra good, and 

ruL = m,, (1 - Cd,y^„,B„,p,^p,L-^) > L~\ (4.110) 

where /? is given in ( 14.102b . 
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Proof. Since by hypothesis {L„; n = 0, 1, . . . , ni} is {E, c^, p, T)-extra good, it follows from Lemma l4.13l 
that there exist Ki,K2 € N such that, given a box A = A^, if L is sufficiently large there exists a 
(A, E, Ki, isr2)-ready event Q satisfying ( 14.511 ). We write Q as in ( |4.49t . and apply Lemma 14.151 to each 
(A, E, Ki, ii'2) -prepared events Vj, letting W-Pj denote the corresponding event. In particular, W-p, satis- 
fies ( 14.1011 1 and Vj \ Wv^ is a (A, i?, , i;, <j')-adapted event with is as in ( 14.102b . which yields (14.1101 ) 
since Ki , K2 depend only on d, p, pi, P2- It follows then that 



(4.111) 



is a (Al, E, rriLji^, i;')-extra good event. Since it follows from (|4.49t and (I4.10U that 



we get, using ( 14.511 ) and ( 14.391 ), that 

P{f} > (1 - 2L-2rf) (1 - C2KiL-^ip'^^-''^-'^P')^ >l-L- 



(4.112) 

(4.113) 
□ 



We can now finish the proof of Proposition |4^ 



Proof of Proposition \4.6\ Let E E [0, £'0] and suppose that for some scale Lq we know that L is {E, mo, <;', p)- 
extra good for all L e 



is {E, r)-extragood with ttil ~ tuq for L £ 

so we can use Lemma l4.16l for all L > Lq 



, with mo satisfying (|4.40l l. In other words, the interval 

. We also assume that Lq is large enough 



-1 -1 
r tPi P2 



Let Cn = 



^0, ^0 



and Ch = 



-k -1 -(fc+i) 

j^Pl P2 tPi P2 



JP 



forfc = 1,2,, 



We set 



rrik 



k' = l 



mo 



PPi P2 



> L, 



(4.114) 



where Ceq — Cd.v cr.pi P2,So ^nd (3 are as in ( 14.1 lOt , the inequality holding for all k by taking Lq suffi- 
ciently large. We consider statements (Sk), given for /c = 0,1, 2, ...by: 

(Sk)- The scale interval Ck is {E, <r, <;',p, T)-extra good with m^ > mk for all L e Ck- 

We will prove that (Sk) is valid for all A; = 0, 1, 2, ... by induction. Note that the validity of {Sq) is our 
hypothesis, and {Si) follows immediately from (Sq) by Lemma |4.16l If fc = 1,2,..., and (Sk-i) and (Sk) 
are valid, we can apply Lemma [4.1 61 for all L E Ck+i, and conclude that (iS^+i )holds with 



rriL > mfe (1 - CeoL ^) > nik+i > io 



-T/3pi 'p2 



> L- 



(4.115) 



Since we have (Sk) for all k — 0, 1, 2, . . ., we conclude that the scale interval [Lq, oo[— IJ^q is 
{E, <,',p, r)-extra good, and for all L G [Lq, oo[ we have 



rriL 



fc=i 



> mo 



-0Pl >2 



> 



mo 



(4.116) 



for sufficiently large Lq. In particular, every scale L > Lq is [E, <;',p) -extra good, so the theorem is 

proved. □ 
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5 Preamble to localization 

In this section we introduce tools for extracting localization from the multiscale analysis. 

Let > ^ - (We will work with a fixed v that will be generally omitted from the notation.) Given y £ M^, 
we recall that Ty = T^^y denotes the operator on the Hilbert space T-L = L^(R'^) given by multiplication by 
the function Ty{x) = T^^y{x) := {x ~ yY for x £ M"*, with T := Tq. Since (yi + ys) < V2(yi>(j/2), we 
have 

\\Ty,T-^'\\<2^y,-y2r. (5.1) 

The domain of r, 2?(T), equipped with the norm||0||+ = ||T(/)||, is a Hilbert space, denoted by "H-i. = 
H,y,4. . The Hilbert space "H- = Hu.- is defined as the completion of H in the norm = ||T~^VI|. By 

construction, T-L+ C H C H- , and the natural injections j+ : H and : H ^ H- are continuous 

with dense range. The operators T+ :%+ ^UwdT^ -.U^U-, defined by T+ = Ti+ , and ^ i^T 
on ViT), are unitary. Note that it follows from (I5.lt that 

II^VVll < 2^(y)n|r"Vll forall y eW^ and -4, (5.2) 

5.1 z/-generalized eigenfunctions 

Let be a generalized Anderson Hamiltonian. For a fixed a; e O we now consider only generaUzed 
eigenfunctions V' G T~L- = Hi,.-, so we rewrite Definition 12. 3 1 as follows. 

Definition 5.1. A v- generalized eigenfunction for H^^ with generalized eigenvalue is a function -0 £ 
Hu^- such that ^ and 

{H^^, i!)^E {if, ij) for all ^ £ C,°°(R'*). (5.3) 

Given E £M.we let = Qi^.uiiE) denote the collection of z^-generalized eigenfunctions for iJi^ 

with generalized eigenvalue E, and set Qu:{E) = &cj{E) U {0}. We will drop ly from the notation: ip will 
be called a generalized eigenfunction for H^^ with generalized eigenvalue E if and only if g 8oj (i?). We 
will also call E £ Ra generalized eigenvalue for H^^ if and only if &u:{E) 7^ 0. 

The generalized eigenvalues and eigenfunctions of H^^ are the same as the eigenvalues and eigen- 
functions of the operator -ff^j.-: a function ijj £ ip 7^ 0, is a generalized eigenfunction of _ff(j with 
generaUzed eigenvalue E if and only if t/j £ _) and Hi^^^ijj — Eip, i.e., 

{H^(j), i!) = E{(t>, V) for all £ V{H^) n n+ . (5.4) 

This follows from the fact that (I5.4l l is equivalent to (I5.3l l since (R'') is a core for the Hi^. 

Eigenvalues and eigenfunctions of Huj are always generalized eigenvalues and eigenfunctions. Con- 
versely, if ijj £ Qui{E) n %, i.e., ^/^ e "H is a generalized eigenfunction of with generalized eigenvalue 
E, then ij} is an eigenfunction of with eigenvalue E. 

5.2 Generalized eigenfunctions and good boxes 

Given u} £VL,x £W^ and e K, we set 

W.AE) = ^'^-^^^ ^ ^ . (5.5) 

otherwise 

Note that 

W^,^{E)<{^y^ <2'i. (5.6) 

Remark 5.2. By the unique continuation principle (E) 7^ if and only if W^.x [E] ^ for all x e R. 

Lemma 5.3. Let a; € Jl, / C R a bounded interval, E £ I, Q < < 1, m > Q. Suppose the box (x) is 
{(jj, E, m, <;)-jgood. Then, ifm > Cd,v,v^,„,i ^^7^, vve have 

W^,y{E) <e~'^^ for all y £ Kl{x) with KL{y) cKl{x). (5.7) 
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Proof. We can assume Qu:{E) 7^ 0. Given ip e Qu>{E), it follows from Lemma l23] that for all y € Al{x) 
with A t (y) C Al{x) we have 

IIX^VII < 27£i''^'e-S^ max ||xyi^|| < 27bL''-i (l + L^) ^ e'^^^ IIT- Vll , (5.8) 

so 

"M^<e-it- for ..>C,...,..,i^. (5.9) 

□ 



5.3 Generalized eigenfunctions and annul! of good boxes 

Given u; e ^l, x e R"^, E e M, and a scale L, we set (cf. ( fLST i) 

W^.,..L(i?) = /^^P'^^«"(^)T|fW ^'^'^^''^ ^ ^ , (5.10) 

I otherwise. 

where Xa:,L ■= Xa2i,+i, 1,-1(2;)' and 

T — T 1 L _ 499 T T — or|lL_ 1001 r in 

^- ^ 5 Too ^ 500^' ^+ — + sToo ^ W-^- KJ-^^) 
In particular, we have {L > 2) 

< {l + {L + ^fy <2^L^ (5.12) 

Note also that, using ( 15.1b . 

W^.y(S) < 2t (y - xyW^^^,L{E) < 2''L''W^^,^l{E) for y G A2L,L(a:). (5.13) 

Lemma 5.4. Let we O, / C M a bounded interval, E^I,{)<<;<1, Q<fh<m. Suppose 
every box A_^ in the standard -^-covering of the annulus Al^^l_{x) is (u), E,m,<;)-jgood. Then, if 

M^a..x,L(^) <e~5MTi. (5.14) 

Proof. We can assume 6ij(£') 7^ 0. Given y e A2l,l(2^) there exists a box A'^' in the standai'd y^- 

100 

covering of the annulus Al^ l_{x) with A_^(y) C A^. Since the box A^_^ is (a;, i?, m, ^)-jgood by 

^^^'^ Too Too 

hypothesis, it follows from Lemma [53] that for all ip S Qu>{E) we have, with £ = that if m > 

Cd.i/.Vper,/ ^ we have 

WXy^W < II^V VII e"^^ < 2^ (y - x)'' ||T-V|| e'Ts^ < 2''i'^ H^^^ V|| 6"^!^. (5.15) 
It follows that 

\\X.,L^\\ < Cd,,L'^+^ ||T-V|| e-?^' < ||r-V|| e-^^ (5.16) 

which yields ( 15.141) . □ 



5.4 Generalized eigenfunction expansion 

A generalized Anderson Hamiltonian H^i has a generalized eigenfunction expansion, which we will now 
review. We follow IKIKSI Section 3], to which we refer for all the details. (Although the results in I KIKSH 
are stated for classical wave operators, which include — A, they clearly hold for — A + with V a bounded 
potential; in particular they hold for generaUzed Anderson Hamiltonians as in Definition |2.2| ) 
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Let be a generalized Anderson Hamiltonian. For all u; e we have the estimate (e.g., IIGK5I 
Lemma A.4]) 

tr {H^ + 1 + < , |,^^-^|| < oo, (5.17) 

where [[j]] = min {rt e N; n > |} and Vp^^ is the negative part of Vpcr. We define the spectral measure 

^l^{B) ■.= tT{T-^P^{B)T-^} ^\\T-^P^{B))\\l, B c M a Borel set. (5.18) 

As a consequence of ( 15.171 ). for all Borel sets B with sup S < oo we have 

< C^,,,||v-,||,,ups <oo forall u> e n. (5.19) 

Moreover, since the constants in ( 15.17) and ( 15.191 1 depend on the potential only through 1 1 V~^j. 1 1 (they are 
independent of the background potential U > and the random potential VL, > 0), we have, similarly to 
|1GK6. Eq. (2.5)], that for all a; e il and Borel sets B with sup _B < oo we have 

M.,,,(S):-tr{r-ip^(B)T-i}<C7,^||,,-^^||^„p5<^ for all yeR^, (5.20) 

and hence 

||X,P.(i3)|l2<^^,,||y-„..||.,,pB<«^ fora" y^^"- (5-21) 

Note also that fi^, and /i^^.j, are absolutely continuous with respect to each other 

Let 7i('H+, H-) be the Banach space of bounded linear operators A: — > "H- with TZ^AT^^ trace 
class. Then for all a; e there exists a /i^^ -locally integrable function : M 7i "H-), such that 

ti {TI^P^{E)T^^} = 1 for/^^-a.e. (5.22) 

and, for all Borel sets B with sup B < oo, 

i^P^{B)i+= [ P^{E)d^i^(E), (5.23) 
Jb 

where the integral is the Bochner integral of 7i "H-) -valued functions. Note that P^{E) is jointly 
measurable in (a;, E). (This can be see from QKIKSI Eq. (46)].) Moreover, we have (e.g., QKlKSi Corol- 
lary 3.1]) 

H^,^P^{E)^EP^{E) for ^^-a.e. £; e M, (5.24) 
where H^ - is the closure of the operator in the Hilbert space "H-. It follows that 

P^{E)H+ cQu^iE) for ^^-a.e. E eR. (5.25) 

If for a given Borel set B we have {H = i^T-L as sets) 

P^{E)n+Cl'H for ^i^-ci.eEeB, (5.26) 

it follows from ( |5.25t that iJ^^ has pure point spectrum in B. 

Given e n, x e R'^, E e R, and a scale i, we set (cf. ||GK6ll ) 

W„.AE) := ,*f+^„ 11^- , (5.27) 

I otherwise 

otherwise 
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Wi^^x{E) and Wui,x,l{E) are measurable functions of {lj, E) for each x with 

W^,x{E)<{\y<2^, (5.29) 
W^,x,l{E) <{1 + {L+ ^ < 2^ (5.30) 

W^,y{E)<2''L''W^^xX for y G A2L,L(:r). (5.31) 
Moreover, it follows from (I5.25t that 

W^.,x{E) < Wu.,4E) and Wu^.^.^E) < Wu,.x.l{E) for /i^-a.e. EeR. (5.32) 

Remark 5.5. There is a difference between Wuj.x{E) and VFa;,i,L(i?), defined in ( 15.271 ) and ( 15.281 ), and 
Wl.>.x(£') and Wui.x.l{E), previouusly defined in (15.5b and ( 15.10b . The conclusions of the multiscale anal- 
ysis of Proposition 14. 61 will yield bounds on Wu;.x{E) and Wu;.x.l{E) in an energy interval /. In view of 
(15.32b , these bounds will hold for Wui,x{E) and Wui,x,l{E) for /i^^-a.e. E E I, yielding ( 15.26b for /i^^-a.e. 
E E I, and hence establishing pure point spectrum in the interval /. Note that W^^^xiE) and Wui,x,l{E) 
are measurable functions of {uj, E) for each x € ffi.'', but we do not make such a claim for Wi^^E) and 
W^^xAE)- 

5.5 Connection with point spectrum 

Given e M, we set 

Pu.{E) X{E}{H^) and ^iAE) ^iA{E}) = ||T-1F^(£;)||J . (5.33) 

In particular, Pu,{E) 7^ if and only if ^Jiuj{E) ^ 0. 
It follows from (15.23b that 

i-PAE)i+ ^ P^{E)fi^{E). (5.34) 
Thus, given x eM."^ and a scale L, we have 



||XxP..(£;)|l2 < W^,x{E) \\T-^PAE)\\^ = W^,x{E)^^fi^AE), (5.35) 
\\Xx.lPUE)\\^ < W^^xAE) \\T-'PUE)\\^ = W^^x,L{E)/ih^^AE)- (5.36) 

If has pure point spectrum in an interval /, it follows from (15.23b and (15.34b that for all bounded 
Borel functions / we have 

fiH^)PUI) = JjiE)P^,xiE)d^i^,x{E) forall x e (5.37) 



where 

I otherwise 

6 From the multiscale analysis to localization 

We will now assume that the conclusions of the multiscale analysis (i.e., of Proposition 14. 6b hold for all 
energies in a bounded open interval I, and prove a theorem that encapsulates localization in the interval I. 
All forms of localization will be derived from this theorem. 

We fix J/ > |, which will be generally omitted from the notation. 

Theorem 6.1. Let be a generalized Anderson Hamiltonian on L^(R'^). Consider a bounded open 
interval I C M, m > 0, p > 0, and cr €:]0, 1 [, and assume there is a scale C such that all scales L > C are 
[E, m, <j, p)-goodfor all energies E eT. Set 

M = M{m,p) ^^r^ where n = n{p) := min |n G N; 2" - 1 < p| . (6.1) 
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Fix p e]0, p[, and pick •& — ^, where (3 ~ with p > Q and ni £ N such that 

{l+py^<p<l and (ni + l)/3 < p - p, (6.2) 

and set, at scale L, 

Tl-=[ec,T] dist (£;, M \ I) > c-*^^"' I . (6.3) 

Then, given a sufficiently large scale L, for each xq G there exists an event Ul.xq with the following 
properties: 

(i) We have 

Ul^xo G -^a^^ (.o) «««^ P {^L,xo} > 1 - L-P"". (6.4) 

(ii) IfijJ G Ul.xo <^f^d E e Tl, whenever 

T^<.,.o(-E) >e-^^', (6.5) 

we conclude that 

W<.,.o,i(^) <e"*". (6.6) 

(iii) If (jJ G l^L.XQ, we have 

W^.xo(S)W^,.o,l(S) <c-^*^^' for all EelL- (6.7) 

Remark 6.2. If p G ] |, | [, as in Theorem |4.1| we have n = 3. 

The proof of this theorem will require several propositions . The scale £ will always be assumed to be 
sufficiendy large; in particular we assume m> C^i . We consider only scales L> C. We use the following 
notation: A^^) = A n X for A C M. 

We assume the hypotheses of Theorem l6.1l in the remainder of this section. 

6.1 The first spectral reduction 

Proposition 6.3. Given 6 > 1, there exists a constant K^i p j, > 1 with the following property: Fix K > 
K^ p fj. Then, given a sufficiently large scale L, for each Xq G there is an event Ql.xo> with 

Ql,xo e J'auxo) and F{Ql,xo}>1-L-^'"', (6.8) 
such that for uj G Ql.xq> given i? G I such that 

Wu,,x„ (E) > e-"v^ and dist {E, > e'^^ , (6.9) 
where ffi — fh{m,p) :— 30M with M given in (16. II ). it follows that 

dist(s,a(^)(i7^,A,(.o))) <e-"^. (6.10) 
The proof of this proposition will rely on several lemmas. 

6.1.1 A site percolation model 

Given a box A]^i{xq) and a scale £ ^ L', we set L" = L' + £, let a = aj^" / be as in ( |3.55t . and consider 
the graph 

G = Gx„x',i-=xo + aeZ'^ withedges {{r,r'} C G; \\r - r'\\ = at} . (6.11) 
Note that for r, r' G G we have 

\\r-r'\\=ae r 7^ r' and n A£(r') 7^ 0. (6.12) 
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The external boundary of F c G is defined as 

d+r -.^ {r e G\T; {r, r'} is an edge for some r' e T} . (6.13) 

We have # (9+ {r}) = S'^ — 1 for all r £ G, i.e., any site is connected by edges to S'' — 1 other sites. We 
call yo,yi, . . . ,yk E G a path if {yj-i,yj} is an edge of G for j = 1, 2, . . . , fc; it is a self-avoinding path if 
the 2/0, 2/1, • • • , yfc ai-e distinct. 

Given an energy E E I, we consider the following site percolation model on the graph G: every site 
r E G^''^^^^^^ = G n Al"(xq) (cf.( l3.48l l) is bad with probability one; a site r e G \ G-f^ ^^^^^-^ is good 
if the box Ag{r) is (a;, E, m, <;,p)-good and bad otherwise. We let = Ae{(j^) = Ae^xo,L' denote 



the cluster of bad sites containing G]^ ^^^^^ (i.e., the connected component of the subgraph of bad sites 



containing G\^,,(^^p. 

We now take scales £, L with £ L' and 10Q'^£ < L. Given an energy E E M.,we consider the event 



/£) ({AbC A^,^£_3,(xo)} if EEl 



y^; , ^ - ^-.j ^ (6_14) 
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Note that 3^^'^' ~ E Ta ^ (^.a for all E E R, and it follows from (EQ that 3^^^^ - is jointly 
measurable in {e,u}a^,^~^ ^,[xo) 
Lemma 6.4. For all E eI we have 

^[y^f \,i,l\ > 1 - (^)'^~^3[^] V^^'fT. (6.15) 
In particular, if L' — L ~ ^ and £ — \/L, we get 

■^Ki^vi:,*}^!-^"""^- ^6.16) 

Proof. Fix E eI, and suppose (/_ A^,^j- ^^(xo). Then there exists a self-avoiding path yo,yi, . . . ,yk 
in G, such that ||yo - xo\\ = ^, yi,y2, ■■■,yki '^f\„(xay WVk " ^o|| > ^'"'"2"^^ and all?/o,yi,- ■ ■ ,Vk 
are bad sites. It follows that -^'+^~^^ < + fca^, so k > > 4 ■ We thus conclude that if 

2 — 2 ' — 2at — 2t 

Ae ^ A^,,j_3^(a::o) we can find a self-avoiding path j/o, 2/1, 2/r z 1 of bad sites with ||j/o ^ 2^0 1 1 = "t 

d 1 ~ 

and j/i, 2/2, ■ • • , 2/^ i j ^ '^a\,(xo)' number of such self-avoiding paths is bounded by 3 [^'] 

Since sites y,y' ^ '^^a ,,(xo) independent unless II2/ — 2/'ll ^ Q^^, such a self-avoiding path must contain 
> c'^j independent sites, and hence its probability of having only bad sites is < 



at least 

^-^PdT.Thus 



3-d 


" L 






21 





(6.17) 
□ 



Given F C G and < ei < £2, we set 

f := U A,(a;), (6.18) 
xer 

d'-^^'^'^^Y ■= |x E M'*; £1 < dist (x,f) < £2} . (6.19) 

Note that F is a connected subset of if F is a connected subset of G. 
Lemma 6.5. Let E eT and oj E y''^^ ~. Then (Ae = Ae{ijj)): 

xq,L',£,L 
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(i) Forallr G O^Ae we have that Ki{r) C K^,^y^{xq) and the box Ki{r) is (u), E,m,(;,p)-good. 

(ii) There exists a function <j) ^ 4>ui,E G C^(R'^), with < < 1, such that 

(j)=l on Ae, (6.20) 
= on m.'^\A^,^i_^{xo), (6.21) 

suppV0 C 9('*'^)Ae, (6.22) 
|V(0| , I A0| < Cd, f/je constant Cd depending only on d, (6.23) 

and for all x G M'' with Ai{x) n supp V0 ^ there exists r{x) G O^Ae such that Ai{x) C 
Af(r(x)). 

Proof. Since a; G l''^'' we have Ac; C A,, , r „„(a;o). (i) follows from the definition of As;. To prove 

(ii), let V' be the characteristic function of the set |a; G M''; dist ^x, A^^ < 6|. Pick a a nonnegative 

function j] G C^(R^) , with compact support in Ai(0), r\(x)Ax — 1, and |V?7| , \I^r\\ < C^. Then 
(j) — rj * ip has all the desired properties. 

Let X G M'' with Ai (x) n suppV^ 7^ 0. Then, in view of ( |3.54| i. there exists r(x) G O^Ae with 
A* (x) C A£(r(x)). Since x G O'^^'^^Ae H A^(r) for some r G G implies r G O^Ae, we conclude that 
r(x) G O+Ae- □ 

6.1.2 The energy trap 

Lemma 6.6. Given a sufficiently large scale L, for each Xq G M"^ there exists an event Tl.kq, with 

Tl,.o € ^A^ a-o) and P{Tl,.o} > 1 - 1^1^, (6.24) 
SMc/z that for u: G 7l,2:o /iflve 

W^..o (^) dist (S,a(i?^,A, (.„))) <e-^^^ /or a« Eel. (6.25) 
/« particular, we conclude that, far oj G Tt.rro '^"'^ Eel, 

W^,^„{E) > e-M^/^ =^ dist (£;,a(i/^^A,(.o))) < e"^^- (6.26) 

Proof Fix a scale L and .xq G M"*. Since I is a bounded interval, we can find {Ej}^^-^ ^ j such that 
J 

I C U [e^j - i;^ + e-2™Vil and J < e^"^ |Z| . (6.27) 

We set 

^-- = 0^3,^... (6.28) 

The estimate ( I6.24l i follows immediately from (I6.I6I 1. 

Let u} G Tl,xo and G I with Oi^{E) ^ 0. Pick j G {1,2,..., J} such that we have E G 
E'j- - e~^"^^ , Ej -f e"2™Vi ^ write Ab^. = A^^. (w), and let = 0a;, be the function given in 
Lemma [63] Let t/j G Qi^{E), a generalized eigenfunction. Then (pip G 'D{Hi^ \) and we have ( |2.23l l. 
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(6.29) 



where A = Al{xq). It follows that, for C sufficiently large, 

\\{H^,A-E)^i;\\^ ^\\Wa{^M^ = V XAi(.)t^A(0)V' 

2 

Ai (a;)nsupp V05^0 

lA^(r(a:)) 



A 1 (a;)nsupp V(t>^<l> A 1 (2;)nsupp Viji^^ 



A I, (^o) 

where we used ( I2.24l i and ( 16.231 1. applied the interior estimate given in ( 12.43b as in the derivation of (12.44b . 
used Lemma l63] with £ = \[L (r{x) e O^Ae^ is given in the lemma), applied Lemma [3.S|fiii)| using ( 13.22b 
with to' as in ( 13.17b taking £ = \/L, and then used (13.17b to write the final estimate in terms of to. Since it 
follows from (16. 20b that > ll^llAf, (a;n) — 1 1 X^o 1 1 ^ we conclude that 

d.st{E,a{H^^AU.o)))< p^^^ <e (6.30) 

The desired (16. 25b now follows using (15. 5b . and it yields ( 16.261 ) . □ 

6.1.3 The energy bootstrap 

We fix 6 > 1, let n = n{p) be as in ( 16.11 ). and set 

T] ^ r]{p) :^ 2i - I < p, so r/ e]0, 1] and (1 + 77)" = 2, (6.31) 

We now fix a scale L, let £0 = y/I, and set £k = £ll''l for fc = 1, 2, . . . , n, so £s = i by dOTT l. We 
take J e N, to be determined later, and let Lq ^ L, Lk = ife-i + 2J£k for k = 1,2, ... ,n. We have 

n 

L^^ L + 2J^£k<{l + 2Jn)L. (6.32) 
fe=i 

Given xq £ R and E' e Z, we consider the events 3^^^ ^ 2/^^,' ^ 1: 2, . . . , n, defined similarly 
to the event in (16.14b . but with a modified site percolation model: a site r is now either pgood or pbad 
according to whether the corresponding box A^^, is {u), E, to, <j, 77)-pgood or not (see Definition [TTSj, and 
the set Ke(ijj), defined similarly to A£;(a;), is now a cluster of bad sites. Requiring 2 J > 100'', Lemma l6?4l 
still applies, with p ~ p{p) := 2(i+ri) substituted for p in view of Lemma D.17I yielding for all k — 
1,2, ... ,n the estimate 

ldn-2ccipj 



3-'% 



> 1 - (4 (1 + 2Jn) ^ S-'d^-capJ > I _ ^-66d^ 

provided J > Cd.p.b- We fix Jd,p,b '■= max ^Cd.p.b, ^^^^ + 1 so if J > Jd.p.b the estimate ( 16.33b holds 
forall fc = 1,2, . . . ,n . 

For each A: = 0,l,...,n— 1 the finite volume operator i?Ai^ (2:o).i.j' which depends only on uj/^^^^i^^g-j, 
is a nonnegative self-adjoint operator with discrete spectrum. We let ^E^''\u:al^{xo))^ betheenumer- 
ation of these eigenvalues given by the min-max principle, as in ( 14.64b . Each E^'''' — e''-^^ ('^J^l^. (xo) ) is a 



continuous function of (^Al^ (xo)- We define events 

r J ^ 



2Ar.Jx„) n 3^.o,L._iA,2J^fc e ^Ar.,(xo) for k = 1,2,. ..,n. (6.34) 
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Note that Zfe e J^Ai^^{xo) since the event 3;'^f^^^^_^_^^2j£fc is jointly measurable in (^E,u}f,^^_^^_^(^^^)'j and 
each Ej'' is a measurable function of i^Al^. ^ (xq) - Since general estimates yield (cf. IIGK51 Eq. (A. 7)]) 

tr{xi(i?A,(.o),-)} <Cd,Vp„,Bupii'' forall L > 10, (6.35) 
it follows from ( I6.14l i and ( 16.33b that 

P {Zk} > 1 - L^'^'"^ for k = l,2,...,n. (6.36) 
Lemma 6.7. Given a sufficiently large scale L, for each G there exists an event Zl^xq' with 

Zl,xo ^ ^A^^^ix,) and P{Zi^,J> l-nL-'*'"^> (6.37) 
such that for all u) £ Zl.xq' if E £ X satisfies 

dist (£;,fT(^)(iJ^,A.(.o))) < e-i^, (6.38) 

dist (S, M \ I) > e"™^, (6.39) 

W^,.o(^) >e-™^, (6.40) 
w/iere to := ^qStt = 30M fiee (16.1b ), it follows that 

dist (i?,a(^)(iI^,A,^ < e-™^^ (6.41) 

Proof. Given L and xo, we set 

zl,xo - n ^fc' (6-42) 

/c=l 

so ( 16.37b follows immediately from (16.36b . 

Let fh ^ ^. Given e Zl.xq and Eel satisfying (16.38b and W^j.xoiE) > 0, we pick E' e 

<^^^HHujAl(xo)) such that \E - E'\ < e'^^ and V € e,^(i;). We have lj e 5^if2/i,2Jfi' 
(/> = be the function given in Lemma |63] Note that Lemma |63] applies as stated for the modi- 

fied site percolation model, the only modification being that a box A^^ (r) with r e (a;) is now 

(u;, i?', TO, ?7)-pgood, and hence, using Lemma [3.16l A^j^ (r) is (w, iS, to, <7)-good, where 



TO = TO (^1 - Crf,p,„/i j . (6.43) 

Proceeding as in ( 16. 29b and ( 16.30b . we get (L large) 

^ 1 < Q-Ts^i I , I < e-Ts*^! ' , ' , (6.44) 



ll'/'V'll 11x^0^11 llx.o^ll 

the generalized eigenfunction ij} being arbitrary, so we conclude that 

dist (s,<7(if<.,A,,(.o))) < e-S'^ (W^,xo(i^))~' • (6.45) 
Since it follows from (16. 40b that 

W^^xAE) > e-^o^\ (6.46) 

we get, using also (16. 39b . that 



Aist[E,a'^^\H^^A,^(^,))) <e~^'\ (6.47) 
Repeating the argument n — 1 times we get ( 16.411 ). □ 
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6.1.4 Completing the proof of Proposition 16.31 

Proof of Proposition \6.3\ Given a scale L, let L be the unique scale such that Ln — L (see ( 16.321 )). We take 
J > Jd.p.b, so K = 1 + 2Jn > Kd^p.b := 1 + 2Jd^p^bn, and hence L > j^. Recalling Lemmas l6.6l and [6.7l 
we let 

Ql,xo = Ti n Zi e Ja £ {xo) n ^k-^a^o) ^ ^^l(xo)^ (6-48) 

SO 

Let w e Ql.xo and Eel satisfying ( 16. 9t . It follows that 

Wu,,xo{E) > e"^^ and dist (£;, R \ J) > e"^^ (6.50) 
so we conclude from Lemma |6^ that 

dist [E,a^^\H^^A,ix„))) < e-^^. (6.51) 

Since (16.51b is just ( 16.38b at scale L, and ( 16. 9b implies ( 16. 39b and ( 16.40b at scale L, Lemma \6J\ now yields 
(16. 41b for the scale L, which is the desired (16. 10b . □ 

6.2 The second spectral reduction 

If p < 1 we need a second spectral reduction. 

Given a scale L, we set L„ = for n = 0, 1, . . . , ni (note Lq = L, L.^ — L^), where p,ni, (3 are 
as in Theorem 16. II 

Definition 6.8. The reduced spectrum of the operator H^^ in the box Al{x{)), in the energy interval X, is 
given by 

^'^^^'""^ (i?.,A,(.„)) := (6.52) 
[e e a(^) {H^.AU-o)) ; dist (£;,fT(^)(F^,A,^j,„))) < 2e-*^^",n = 1, . . . , 

where fh is given in ( 16.11 ). 

Note that the set i? e o-^-^''^^' (^^a;.AL(a:o)) } is jointly measurable in (i?, a;Ai(2;o))- 

Proposition 6.9. Lef 6 > 1 and fix K > K^.p^b, where Kd^p^ is the constant of Proposition W3\ Given a 
sufficiently large scale L, for each xq € there exists an event Xl^xo> with 

Xl,xo ^A^xo) and PjA-L.^J > (6.53) 

such that for all uj G '^l,xq- 

(i) If E <eI satifies 

W^,^^ (E) > e-™V^ and dist {E, R\I) > e'^V^, (6.54) 

it follows that 

dist (S, (i/c.,A,(xo))) < e-"^. (6.55) 

(ii) Wfe /zave 

(i^c.,A.(-o)) < Q,yp„,i,p,p,n,i("^+^)^'*. (6.56) 

The proof will use several lemmas. 
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Lemma 6.10. Given a sufficiently large scale L and Xq G M'', consider the event 

~ "1 

Ql,xo ■= n Ql„.xo e -^At(a;o)i (6.57) 

Tl = 

where Ql',xo event given in Proposition \6.3\ at scale L'. Then 

P {Ql,.„} > 1 - (ni + l)L-2f/3rf (6.58) 
Moreover, ifuj G Ql.ko' have ( 16.551 1 for any E £l satisfying ( 16.541 1. 

Proof. The estimate ( 16.581 ) follows immediately from ( I6.57l i. ( I6.8I 1, and ( 16.21 ). The second part of the lemma 
is an immediate consequence of Proposition 16. 3 1 □ 



Given scales L' < L with < ^^^^ and xq e R, we consider the annulus Alx' — Al,L'{xo)- We 
let TZn = {Ai,„(r)}r(Ei?„ denote the standard L„-covering of the annulus A/, for n — 1, 2, . . . , ni (see 
Section [3. 3. 21 ). Given K2 G N (to be chosen later), we set 

'^A.,.' ■= \ U ^3L„,(r); C Rn, with#K^ < 1 . (6.59) 

Similarly to Definition l4.10l the annulus is said to be (u), E, ii'2)-notsobad if there exists a (u), L, L', E)- 
singular set 9 G ^, : for all x G A^.l' \ © there is a (u;, i?, m, cr)-good box A^,^ (r) G TZn, for some 
n G {1, . . . , ni}, with A_l^ (a;) n Al.l' C AL„(r). AneventWis (Al,l', -E, ii'2)-notsobad if TV G J"a^ ^, 
and the annulus A^ is (w, £', iir2)-notsobad for all uj G A/^. We have the analogue of Lemma |4. 11 1 If 
K2 > K2 ^ K2{d,p, h), and L > L ^ L{d,p, h, K2), then for all E € I there exists a {Al,l',E, K2)- 
notsobad event A/^i^^ with 

PjA/^f ^, } > 1 - L-^^"^. (6.60) 

(The proof of Lemma 14.111 applies since p > (1 + p) .) We fix K2 = [K2] + 1, so dOOl ) holds for L 
large, and set — ^ E ^T. The event is jointly measurable in (i?, wAj^ j^, ), so 

A/'a.,.. = n -^f.-^-^A., (6.61) 

-EGcr(HA^,,a,) 

and it follows from ( I6.6OI 1 and ( |6.35t that 

P {-^A, } > 1 - Cdy^^^,supxL~^'"'. (6.62) 
Given a box Al{xq), we define "multi-spectrum" of the operator H^, in the energy interval T, by 

^S,L,.o^=n^^^H^--A.„(.o)) for fc = 0,l,...,ni. (6.63) 

n—k 

A "multi-eigenvalue" E^''^ = {E„}llk ^ '^hI.l.xo be called "Unked" if 

|£^n -£^n'| < 4e""-^"'"'{"'"'} for all n, 71' G {A:, fc + 1, . . . , ni} . (6.64) 
The "reduced multi-spectrum" is then defined as 

Sfctlo ■■= {e''^ ^ ^hIl.x-. E^'^ is linked} , = 0, 1, . . . , n, (6.65) 
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Lemma 6.11. Given a (sufficiently large) scale L and xq G R , consider the event 

' n 1 — 1 



n=l 



A/'l,.o -AAA^o,^i(^o)n<j n {a/'a^„,^„^j.o) nAAA,^„,^„^^(.o)} [ . (6.66) 

ThenJ\fL,x„ e J^Al(xo) 

L-^'^T'^. (6.67) 

Moreover, for all u) £ J^l,xo have 

#cr(^''-'' {H^AUxo)) < #sELo < C.,v,„,x,p,p,„.i(-+^)''''. (6.68) 

Proof. We have A/l.ko ^ ^Al{xo) construction. Since /? = the estimate ( 16.671 ) follows immediately 
from (|632] |. 

The first inequality in (16.68b is obvious, we only need to estimate for lj G J^l.xq- We will 

write Ai = AL(a:o) , Al„ = Al„{xo). 
It foUows from (16.35b that 

(ni.rod) _ „ (X) /„ Wr-,,. ..cr ^rP^ 



#^h:::lZ - #^'^ (^-.A.„^ j < Q^y^^^supl (L„J" = Q,y,.„suplL'^^ (6.69) 

Let fc G {1,2,..., rii}. We set Lk-i = ife-i and L„ = L„ = 2L„ for n — fc, + 1, . . . , ni — 1, 
and let Az^^l„+, = Ai„,L„^,(a;o). We take E^'''> = {^„}:;Lfe e ^^^^,10- Since u; G AAi,,„, we have 
^ € HnL^-i -^A^"' ' SO let 6ij,£;„ G ^A^ be the corresponding (u;, L„_i, L„, i?„)-singular set 

for n = A;, A: + 1, . . . , ni, and set 

e^,£<., = A2L„, u {u::L,e^,£;j . (6.70) 

We have 

\Qu,,Ei-}\ < C^L^y + {^^Li) <(!>''{n^-k + 2)K2Llti- (6.71) 

n— 

Given fc = 1, 2, . . . , ni and E^^'' G , we set 



and note that 



< ( ^ ^ max^ #si^J,„(£;('=)) ) (#st,tlo) • (6.73) 



We now fix E'^''^ G S^j'^^i^^^. Given E G E^^_^2,rEo(-^^''^)' ^ normalized eigenfunction of 

Hui,Al^ j corresponding to the eigenvalue i?. If a; G A^^ \ ^(fc), there exists n G {k, fc + 1. . . . , ni}, 

j G {1,2, . . . and a (a;,£;„,m,^)-good box A£„^ C Al^_j, where £„j = {in-ij , > L^"^' \ 

suchthatA«„ j (a;)nAij^_j C A^^ (This is ensured by our choice of the L„.) Since |i? — i?„| < 4e^™-^", 

it follows from Lemma IXT] that the box A^,^ ^ is (a;, E, ^, ^)-jgood, and hence we get, proceeding as in 
(|T22] l. that 

MeW < e-®'"- < e-S^''"'"' , (6.74) 



so we conclude that 



>l_e-— ^ LP >\. (6.75) 
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Thus, 



< Cd,Vp„,i,p,p,ni-/jj,_2, (6.76) 



where we used fGKS' Lemma A.4] (as in ( 14.76b ) and ( 16.711 1. 
In view of ( 16.691 ) and ( 16.731 ). and recalHng p < 1, we get 



□ 

We are now ready to prove Proposition |6]9] 
Proof of Proposition \6.9\ Setting 

Xl,xo-=Ql,xo^^l,xo, (6.78) 
Proposition |6.9| is an immediate consequence of Lemmas [6. 1 0l and l6. 1 1 1 □ 



6.3 Annuli of good boxes 

We are now ready to prove Theorem 16.1 



Proposition 6.12. Given a sufficiently large scale L, for each xq G there exists an event Ul,xo 
i6A\ , such that for all U3 € l^L.xo> 'f E £ Xl satisfies i6.5\ , then every box A_i^ in the standard 
covering of the annulus Al^^l_ (xq) is (u;, E, 70m, (;)-igood. 

Proof Given i? e I, we let A^^^j^ be the event that all the boxes in the standard -covering of the 
annulus Kl^X- = ^l+.L- i^o) ^le {uJ, E, m, <j)-good, and set Ai'^^].^ = Clif E ^ 2. The event is jointly 
measurable in {E, (j^)Al^ l_ )' '^^'^^ using (13.69b . 

Ip{-^l!2o} > 1 " (2002)'^ {lOOf^ L-'"^ for E Gl. (6.79) 

Setting 

Ml,xo= n -^So e-FA.^(.o)> (6-80) 

it follows from (16.56b and ( |6.79b that 

^{Ml,xo} > 1 - Cd,yp„,i,p,p,„, (2002)'^ {lOOf' L-P'L^"^+'^^'' 

>1 r' r-(p-(ni + l)/3)d ^^■^^> 

We now require that K, fixed in Proposition l6.3l subiect only to the condition K > Kd^pfi, is sufficiently 
large to ensure that, given a scale L,if E G II satisfies (16.51) . then E satisfies ( 16.541) at scale L_; 



e-^^= >e-*VTP, i.e., K> 900 {^f. (6.82) 

We introduce the event 

l^L,xo = -^L-.ajo n Ml.xo € J^Al^{xo)i (6.83) 

where Xl^.xo is the event given in Proposition |6.9| with b = 1 + ^{p— (rii + . It follows from (16.53b . 
(|63B and (O that 

P{Ul.x„} > 1 - LZ'^" - t^d.yp„,i,p,p,„,i"^''"^"^+'^''^' > 1 - L-^"- (6.84) 
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Fix u> G Ul.xq^ and let E E I]^ satisfy i6.5i . so it follows that (16.541 ) holds at scale L_. Proposition |6.9l 
then gives ( |6.55t at scale 

dist fi?,a(^'™d) (h^., < e'™^- = e-^w. (6.85) 



Thus, given a box A_l_ in the standard -covering of the annulus A^^ ^ (a;o), it follows from ( 16.80b that 
the box is (u), E, m, <^)-good for all energies E e cr(2^'™d) (i/^,A^ We conclude from (OSl l 

and Lemma l3.7l that the box A l is (w, iJ, 70m, ^)-i20od. □ 

Too \ ' ' : / JD 

Proof of Theorem Wl\ The theorem follows from Proposition l6.12l with Z^l.xo the event given in Proposi- 
tion 

We fix u; e Ul,xo and G II- Recall = f . 

If ( 16.51 ) holds. Proposition 16. 121 guarantees that every box A_£^ in the standard j^-covering of the 
annulus A^^ ^ (a;o) is (a;, E, 70fh, <;)-jgood, so it follows from Lemma 15741 that 

W^^xA^) < e'sfro^ < e-i^ = e^*", (6.86) 

proving ( I6.6I 1. 

To prove (|6.7| l. note that either satisfies ( 16.51 ). so we have ( 16. 6t . and hence, recalling ( |5.6t , 

V^l,,xo(i^)W'^,..o,L(-E) < 2^e-^'^^, (6.87) 

or we have 

W^,xo{E) < e-^'"^", (6.88) 

so using ( 15.121 1 we get 

W^,x,iE)W^^xo,LiE) < 2tL''e-^"'' < e^^^^^'. (6.89) 
The desired (I6.7l l follows. □ 



Remark 6.13. If p > 1, the proof of Theorem 16. H is much simpler; it does not require the second energy 
reduction of Proposition 16. 9 1 The event M l.xq in ( 16.801 ) is replaced by 

Ml^xo^ n Mi'^Xe^A.^^xo), (6.90) 

Beam (Ha^ 

so we have 

v{Ml^xo} > 1 - (2002)'' {lOOf L-P^Cd^v^.^^^xL" > 1 - C;,Vp„,i^"^''"'^'- (6-91) 
The eventZ/^L^ajp in ( |6.83l l is replaced by 

^L,a;o = Ql,xo n Xl,xo e J'Ar^^(xo), (6-92) 

where Ql.^o is the event given in Proposition 16. 3 1 It follows from (I6.8I 1 and ( 16.911 ) that 

P [Ul^xo} > 1 - L--'"" - C^,,.^„,xi^^^^''' > 1 - (6.93) 
choosing 6=1 + The proof of Theorem |6. 1 I then proceeds as before, with z9 = 1 in ( 16.51 ) and ( 16.71 ). 



Remark 6.14. If p > 3, we can prove a modified version of Theorem 16. II that does not require either 
Proposition 16.31 or Proposition 16.91 it suffices to use Lemma 16.61 The conditions E E II and ( 16.51 ) are 
replaced by 

Eel and W^^xoiE) > e'^^ . (6.94) 
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We replace the event -^l x^^ '^^e event that all the boxes in the standard vi-covering of the 

annulus Ai^^i_ (xg) are (w, E, m, <;)-good, and set A^^^^^ = flif E I. We have 

p[m^lI^^ > l-20'^Li'^L-^''^l-20'^L-^'^ for Eel. (6.95) 

We set 

Ml,.„^ n -^SoG-^A.^lxo), (6.96) 

so we have 

P {Ml.xo} > 1 - 20'^L-'^'^C<j,,/p„,ii'^ > 1 - C'ly^^^^^jL-^''. (6.97) 
The event Ul.x,, in ( I6.83l l is replaced by 

l^L,xo = Tl^xo n e -Fa^^ (6.98) 

where Tl,xo is the event in Lemma |6^ It follows from ( |6.24t and ( |6.97| l that 

p\Ul,x„] > I - L-^-'-P'-^-m'^ - C'ly^^^^j^L-^'^ > l-L-T^"*. (6.99) 

The proof of Proposition l6. 12l then proceeds as before, except that we use Lemma l631 and boxes of side \/Z 
instead of We conclude, using Lemma [3^ that if E satisfies (16.941 1. then all the boxes in the standard 
•\/Z-covering of the annulus Al^^l_ (xq) are (u), E, <r)-jgood. Applying Lemma |5^ modified for boxes 
of side \/L instead of we obtain (cf. ( 16.6b ) 

W^,,,,l{E) < e~TSm^. (6.100) 

It follows that we have (cf. ( 16.71 )) 

W^,^,{E)W^^,,^L{E)<e-^^^. forall Eel. (6.101) 

This simpler result implies pure point spectrum with sub-exponential decay of eigenfunctions, as well as 
dynamical localization. 

7 Localization 

In this section we derive all the usual forms of localization from Theorem 16.11 We will assume only the 
conclusions of this theorem. More precisely, we will assume only the existence of the events Ul.q satisfying 
the conclusions of Theorem l6. 1 I for some fixed p, M. In particular, we do not assume the conclusions of 
the multiscale analysis, which were the hypotheses for Theorem |6.1| We hw > |, which will be generally 
omitted from the notation. 

7.1 Anderson localization and finite multiplicity of eigenvalues 

A simple Borel-Cantelli Lemma argument based on Theorem 16. 1 1 vields Anderson locaUzation and finite 
multiplicity of eigenvalues. We only need the events of Theorem 16. H at xq ~ 0. 

Theorem 7.1. Let H^i be a generalized Anderson Hamiltonian on L^(M'*). Let I C M. be a bounded open 
interval, for which there is a scale C\ such that for all L > Li there exists an event ULfi os in Theorem \6.1\ 
Then the following holds with probability one: 

(i) H,^ has pure point spectrum in the interval I. 

(ii) Ifij) is an eigenfunction of H^^ with eigenvalue Eel, then ■0 is exponentially localized with rate of 
decay M, more precisely, 

IIX.V'II < C-^.B e-*^""" forall xeR'^. (7.1) 
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(iii) For all E d X we have 

||X.ii,(i^)||2<C:,^^e-^^ll-ll forall x^W. (12) 

(iv) The eigenvalues of H^^ in T have finite multiplicity: 

tvP^{E)<oo forall Eel. (7.3) 

Proof It suffices to prove the theorem in every closed interval I C I. We fix /, and pick a scale Lq > L\ 
such that / C T-La (see (I6.3l l). We introduce scales Lfc+i = IL^ for fc = 1, 2, . . . ., and set Uh = ^ii-.o- It 
follows from the Borel-Cantelli Lemma, using (I6.4t . that 

P {U^ } = 1 , where = lim inf Uk ■ (7.4) 

fc— f oo 

Fix ui G Uao \ there exists fc^j G N such that us €Uk for all fc > /c^j. If e / is a generaUzed eigenvalue 
ofH^, i.e., <du>[E) ^ 0, and hence W^^a{E) > 0, we set 

kcj,E = min {fc G N; k > and ( 16.51 ) holds for _E and Lk (with Xo = 0)} < cxd. (7.5) 

Given tJj £ (E), it follows from (|63] | that 

IIXox.V'll < llr-Vlle-*"" forall k>k^.E. (7.6) 

If a; e M'' with > Lk^ '^e can always find fc > fcu;,^; such that x G Ai^.^^^Lfc (0), so 

llX.^II < WXoxM < ||T-V||e-*^^'= < ||r-V||e-^-^ll^ll. (7.7) 

It follows that that £ % = and satisfies dTTT i. It now follows from ( 15.25b that ( 15.261 1 holds with 

B = I. We conclude that that H^^ has pure point spectrum in /, and if t/j is an eigenfunction of H^i with 
eigenvalue i? e / it has the exponential decay given in ( 17.1b . 

The estimate ( 17.2b is an immediate consequence of ( 17.1b . and implies ( 17.3b . □ 

7.2 Eigenfunctions correlations and dynamical localization 

Another Borel-Cantelli Lemma argument based on Theorem 16. 1 I vields eigenfunctions correlations. In par- 
ticular, we obtain pure point spectrum, finite multiplicity of eigenvalues, SUDEC (summable uniform de- 
cay of eigenfunction correlations; see [GK6|) and SULE (semi-uniformly localized eigenfunctions; see 
ODeRJLSIIGKTllGKell ). and dynamical localization. We will need the events of TheoremOfor all x e 
We do not assume or use Theorem l7.1l 

Theorem 7.2. Let Fl^ he a generalized Anderson Hamiltonian on L^(IR''). Let X C ^ be a bounded open 
interval, for which there is a scale £2 such that for all L > C2 and x G Z'' there exists an event Ul.x as in 
Theorem \6.1\ Let e > and fix an open interval / C / C X. The following holds with probability one: 

(i) For all E € I we have 

Wa;,4£;)W^u.,,,(£;) < Ca;,/,cell^""^"~e-3*^ll^-2'll'' forall x,y eR"^. (7.8) 

(ii) has pure point spectrum in the interval I. Moreover, the eigenvalues of H^^ in I have finite 
multiplicity. 

(iii) (SUDEC) For all E £ I and (f>,ip £ Ran Pu,{E) we have 

||Xx</>|| IIX^V-II < C:,^/.e||7^"V|| ||7^"V||e""""^''*e-3Ml|.-yll'' f^.^n ^^y^^d^ (7.9) 
In addition, for all E £ I we have 
||Xx^^(i^)||2||x,/l.(i^)|l2 < C:,^,_,Mu.(£^)e"""''^''*e-^*^ll--^ll' forall x,y£R''. (7.10) 
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(iv) (SULE) For all E E I there exist a center of localization y^^^E G M. for all eigenfunctions with 
eigenvalue E, i.e., for all (p G Ran P^^ (E) we have 

<C^,/,e||r"V||ell^"'^'l''^''^e-3*=^"^-^"-^""' for all x G M'^. (7.11) 
In addition, for all E E I we have 

\\XxPu.{E)\\^ < C^j,^V/^^(^)c"'^"''="''''''^e-3^^"^-2'".^"'' forall xeR'^. (7.12) 

(v) We have 

N^j{L):= ^ trP^{E) <C^j,,L^^+'H forall L > 1. (7.13) 

Eel; \\y^.E\\<L 

Proof Fix e > 0. Given fc G N, we set Lk = 2'"', and consider the event 

Jfc:= fl Z^L,,., (7.14) 

kGZ''; \\x\\^ + '<tLI 

where U^^x, M, p, (3 are as in Theorem |6.1| and r > is a constant to be chosen later It follows from (|6.4t 

that 

P{Jfc} > 1 - Q,M,e,ri^*'"'. (7.15) 

Applying the Borel-Cantelli Lemma we conclude that 

P{Joo} = l, where Joo = lini inf . (7.16) 

Thus, for LO G J^o there exists k^iiS) G N such that u; G U.i^^ x for ^ ^ ^i(^) ^nd a; G Z'^ with 

We now fix u; G Joo and an open interval / C / C X. We set 

ki{oj,I) = min{fc G N; fc > ki{uj),k> 2, / C II J , (7.17) 
where II is defined in (I6.3l l. Given a; G Z'', we define ^2(0;) G N, k2{x) > 2, by 

rLli.)-i<M'^'<rLli.r (7-18) 

when possible, and set ^2(2;) = 1 otherwise. We let k3{u),I,x) — max{fci(a;, /), ^2(0;)}; note that 

ksiu}, I, x) > 2. It follows from i6Jl . using ( 15.131 1. that for all G / and y G M'' \ A^^^^^ ^ (a;) we 
have 

W^a.,x(£;)W^<..j;(i?) <2n|a:-2/|re-5^^ll-?/r. (7.19) 
Ify e AL,^(„ ,^,(a;), we have 

= W^,xiE)W^jE)e^'^\\--y\\\-^^^'\\--y\\" (7.20) 



< 



where we used ( |5.6l l and made an appropriate chice of the constant t. The estimate ( 17. 8t follows from ( |7.19l l 
and ^TM . 

It follows from (fOT i that for all i? G / and and all 0, V' e 6w(i?) we have, for all x,y € R"^, 

Wx.n WXy^PW < C^j,e ell^ll"^''^c-^*^ll--'^ll' (7.21) 
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Thus e^(£') C n for all e /. It now follows from i525[ that (EM holds with B ^ I, and hence 
has pure point spectrum in /. The estimate ( 17.9b follows from ( 17.21b . The estimate (17.10b is an immediate 
consequence of ( 17.91 ). and implies tr P^^ (E) < oo for all E ^ I. 

Given Eel with Puj{E) ^ 0, we pick tp e Ran Pi^{E), -0^0, and pick y^^^E G (not unique) 
such that 

(7.22) 



It follows that (see llGK6l Eq. (4.22)]) 



W<.,,„,.(i?)>fe^r4>Cd>0. 



\Ty-J.B^\ 



(7.23) 



If P^iE) = we take y^^E G 0. Then for all e / and all ip e Ra,iiP^{E), dTTTT i and (|TT2| 

follow from ( 17. 8b (taking y = yuj,E) and ( 17.231 ). 

To prove (17.13b . note that if follows from (17.12b that for all i? e / and i? > 1 we have 



''\A2R{y^.E)P^i^)\\2 - 



(7.24) 



There is a constant r r > I such that for all L > 1 



< 



(7.25) 



Thus, given L > 1, letting := D^ j^^L p , we have 



XA2n^(y^.E)P'^iE) ^ > \ whenever < L. 



It follows, using also ( 15. 21b . that 

Eel 
\\yL^,E\\<L 



<2 E |kA2(™(0)^^(^^) ,<2 Xa,<,^,^,(o)P..(/) 



Eel 

\\y^.E\\<L 



< Ci{L + RlY < C^J,eL 



(7.26) 



(7.27) 



□ 



We can now prove dynamical localization with probability one. 

Corollary 7.3. Let H^^ be a generalized Anderson Hamiltonian satisfying the hypotheses of Theorem U .2\ 
in a bounded open interval X. Let e > and fix an open interval I d I d T. The following holds with 
probability one: 



(i) For all E e I we have 

\\XyP^{E)xA,<CiJ^,^i^{E)e\\-\ 

(ii) We have 



(7.28) 



sup ||x,/(i^c.)P.,(/)x.|ll <C::,,ell^ll''^"''e-^*^ll^-^ll 

/6Bi,,l 



for all x,y e 



(7.29) 
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(iii) For allb > and Xq G we have 



sup 



and, in particular. 



(7.30) 



sup 



(7.31) 



(iv) For all E £ I we have 

V p(-E')v 



< C<^,/,x,ee""="''^"~e-3*'^ll^-^ll"' for all x,y eW^. 



(7.32) 



Proof. Since 



(I7.28l l follows immediately from ( 17. 10b . 

Given / e 6^ i, it follows from ( |537] i and ( |T28] l that 



|Xj;/(i?a;)Pc.(/)X.|li < / (^) | 1 1 Xj;P.;.0 (^)X. 1 1 1 d/^^ (S) 



(7.33) 



(7.34) 



which is ( |T29] l. 

Given 6 > and xq G M'*, ( l730l ) and ( 17311 ) follow from ^TM . 

To prove (17.321 1. we proceed as in llGK6i Proof of Theorem 31. We write / =:]ai, a2[, letf^ = ^dist(/,M\ 
I) > 0, and consider the open interval h =]ai - |,a2 + |[c IT C X. We set C = |(1 + |) 1[ and 
C — i(l + 1[- We pick a L^-Gevrey function g of class ^ on ] — 1, oof, such that < g < 1, .g ^ 1 

on ] — oo, ai — |] and g = on [0:2 + |, oo[. (See ||BGK[ Definition 1.1]; such a function always exists.) 
For all G / we have 

Plf^ ^9\H^) + fE(H^), where 
fsit) X]-oo.£](<) - g^t) = fE{H^)P^{h) e Bb,i. 

Since we proved ( |7.29l l. we have 



(7.35) 



llXj;/£(i/c.)x.||i <C::_,,,ell^ll*'^''~e-3^^ll-2^r forall x,y e 
The function g was chosen so we can use IIBGKi Theorem 1.4], obtaining 

\\xMHu,)Xy\\<Cge-^>-y^^' forall x,yeM'^. 
We also have, using (15.21b . that 

\\Xxg{H^)Xy\\-^ < \\Xxy/9iH^)\\2 \\Xy^/9iH^)\\.2 < X-^P. 
- '^d,||yp-„||,a2+f • 

It follows that 

\\Xxg{H^)Xy\\l < \\Xx9{H^)Xy\\ \\Xx9{H^)Xy\\i < I 



XyPi. 



("2 + 1) 



(7.36) 



(7.37) 



(7.38) 



Vpcr ."2 + 1:3 



e-c'Jx-y\\ 



(7.39) 
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Thus, given x, G M we get 

\\Xxg^{H^)Xy\\^< \\Xxg{H^)Xz\\2\\Xzg{H^)Xy\\2 (7.40) 

where Ci = C!d.\\v-,,\\,a2+^,g ^2,0^ depend only on d, \\V-^^\\ ,I,I,C- 

Since C > §, the estimate (l732b now follows from (iTJSl l, (|736] |. and ( IT40l l. □ 

7.3 Localization in expectation 

We will now derive eigenfunctions correlations estimates in expectation from Theorem l6.1l and use them to 
get dynamical localization in expectation, as well as pure point spectrum, finite multiplicity of eigenvalues, 
etc, as in |GK6|. We do not assume or use the results of Subections 17.11 and 17 . 21 

We recall that we pick v > ^, and that Wui,x{E) and Wu>,x,l{E), defined in ( 15.271 ) and ( 15.281 1. are 
measurable functions of (w, E) for each x E M'*, and satisfy ( 15.32b . 

Theorem 7.4. Let H^^ be a generalized Anderson Hamiltonian on L'^(M''). Let 21 C M fee a bounded open 
interval, for which there is a scale £3 such that for all L > and x G there exists an event Ul,x cis in 
Theorem \6.1\ Then the following holds for all open intervals I <Z I <Z I: 

(i) For all x,y E R'^ we have 

E{\\W^AE)W^,,m\L^^i,d^^iE))}<C{^-yy'\ (7.41) 
with a constant C — Cd.p,{),M,vX3- 

(ii) For all xo eW^, L> 1, and s €]0, ^ [ we have 

^{\\W^,x,{E)W^,xoAE)\\l^(i^^^^(E))} < C7L-(?'^— ), (7.42) 
with a constant C — Cd.p,{),M,vX3.s- 

(iii) For all xq eM.'^, s ^[ and r E [0,pd — sv[wehave,forV-a.e.u}, 

||W^c.,.„(i?)T^c.,.o,2^-i(^)|lL-(/,dM„(£)) <Cc.,/,.,r2-'=^ for fc = 0,l,2,.... (7.43) 
As a consequence, H^^ has pure point spectrum in the interval I. 

Remark 7.5. (ii) and (iii) hold for any s e]0, 2p[, since in this case we can choose 1/ > | such that 

pd ~ siy > 0. 

We set 

Xi^^ ^ Xx,2>'-^ and W[!;l{E) = W^^^,^2>'-^iE) for keN. (7.44) 

We also set xi°^ = Xx and W^^l{E) = W^,x{E) for convenience. Note that 

00 

l<J2^i^^- (7.45) 

k=Q 

Proof of Theorem \7.4\ We take L sufficiently large to insure that / C II and we can apply Theorem 16. II 
We will prove (I7.42l i; the correlation estimate (I7.41t is proved in a similar way. In this case, applying (15.321 1. 
dO i. ( |5^ . dSJOl l. and dMll, we have 

e{\\W^,xAE)W^,x,AE)\\1^^j,^^^^e))}<^~^^''''^{^^ 

< e-f ^^^^ + 2'" L"" L-P'^ < (1 + 2P'^)L-^P'^~'"'\ (7.46) 
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Using the bounds ( |5^ and ( ISJOl l we get ( |T42l ) for all L > 1. 
Given r e [0, prf — si/[, it follows from ( |7.42t that 



E 



(7.47) 



L~(/,dAi„(£;)) . 



and ( 17.43b is an immediate consequence of ( 17.471 ) using the Borel-Cantelli Lemma. Given u) for which 
(17.431 1 holds and cf) e 'H+, it follows, using ( 15.271 1 and ( 15.28b . that for ^^^-a.e. E e I we have 



(7.48) 



fe=0 



< C^j,s,r (1 - 2-^) ' \\T-^^P^{E)(f>\\^ < ^. 



If P^{E)(I) ^ 0, we have \\XxoPcj{E)(j)\\ ^ for some xq e R'^, and hence ||P^(£')(/)|| < oo by 
(17.48b . so we conclude that P^{E)4i e U = L'^{R'^). Thus we have (15.26b with B = I, and we conclude 
that that i/^^ has pure point spectrum in /. □ 



Since H^^, as in Theorem l7.4l has pure point spectrum in the interval X with probability one, we might 
as well work with eigenfunctions, not generalized eigenfunctions. We use the notation given in ( 15.38b . 

Corollary 7.6. Let H^^ be a generalized Anderson Hamiltonian satisfying the hypotheses ofTheorem \7.4\ 
in a bounded open interval I. Let I d I C T be an open interva and s €]0, ^ [. Then 

(i) For all Xq G W^' and L > 1 we have 



E 



|sup||x.o,LPc.(£^)X.ollij < CiE(sup||x.o.Lil...„(^)x.„lli| < C2L'(P'*-^'^\ (7.49) 
Ifie/ J Leg/ J 



with Ci - Ci_^_^_|j^-^_^|j J ^ andC2 - C2^d,\\v-^,\\,p,i),M,,..C3.i,. 
(ii) We have 



E 



\ sup (\\Xx, 



P^{E)\\l{trP^{E))]- Uoo 



(7.50) 



and hence for ¥-a.e. a; the eigenvalues of in I are of finite multiplicity. 
Proof. Recalling ( 15. 35b and ( 15. 36b . we have 

\\X.„ME)X.o\\i < \\X.„PUE)h\\X.o,LPUE)h 

and ( l749l l follows from (171^ and KM . 
In addition, we have 

^ oo 

(.0 (i?) 1 1 2 (tr p. (i?) ) ) ' < ^ { 1 1 X.„ /I; (i?) 1 1 2 1 1 Xit^ i^c. I IJ 



(7.51) 



(7.52) 



< E {Wu..xo{E)W[!:l^{E)y {m.,.o W}^ , 



so ( |730b follows from i7A2\ . and (|5^ . 

Since for P-a.e. u) the operator H^^ has pure point spectrum in the interval J, it follows from (17.50b that 
for P-a.e. uj we have 



\XxoP^iE)\\2{trPu.{E)) <(x> forall P e /, 



(7.53) 



and hence, since XxoPi^{E) ^ for some xq G M'^ if Plj{E) ^ 0, we have tr Pi^{E) < cx) for all 



Pe /. 



□ 
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We can now prove dynamical localization in expectation. 

Corollary 7.7. Let H^^ be a generalized Anderson Hamiltonian satisfying the hypotheses ofTheoremfL' 
in a bounded open interval I. The following holds for all xq G and open intervals I C I Cl: 

(i) For all L > 1 and s e]0, ^ [ we have 



sup /(ff^)Pc.(/)X.olli < CL-^P''-'''\ 



(7.54) 
(7.55) 



with C ^ C 



d,\\V-„\\,p,^,M,:^,C3j -s- 



(ii) Given b > 0, for all s G 







we have 



\L < sup 
eIsup 



{X-xo)"'e-'*"-P^{I)X.„ 



with C = C 



E < sup 

d,\\VpZr\\,P,^,M.i^,C3j,b,s- 



{X ^ xor pi^h.„\Q 



< C < oo, 



<C <oo, 



<C <oo, 



Proof Given / e S^,!, it follows from (15.37b that 



(7.56) 
(7.57) 
(7.58) 



X.„,Lf{H^)PUl)Xxoh < \.nE)\ \\x.o,LP^.^o(.E)x.o\\i<il^c.,.oiE) 

< sup \\Xxo,lP^,xo{E)X (1), 

Eel 



(7.59) 



and hence ( 17.54b is an immediate consequence of ( 17. 49b . 

The estimate ( 17.551 ) is proven similarly to (I7.32t . We introduce the decomposition Pi,^' = g^{Hu 
fE{H^) as in ( |735] |, and ( |735] | follows from (|735] |, (EH, and ( IT40t . 



Given 6 > and s G 



^ 



, we pick v > i such that s G 







Since 



{X - xo)'" f{H^)PUl)Xxo ^ < CdM E 2''' xi''^f{H^)PUI)Xxo 



fc=0 



(7.60) 



the estimate (17.561 ) follows from ( 17.54b : ( 17.57b is a special case of ( 17.56b . Similarly, ( 17.58b follows from 
(ESI. □ 



8 Log-Holder continuity of the integrated density of states 

We will now assume that the conclusions of the multiscale analysis (i.e., of Proposition 14. 6b hold for all 
energies in a bounded open interval I, and prove log-Holder continuity of the integrated density of states. 
Given a generalized Anderson Hamiltonian H^^ and xq G M"*, we set 



Nx,{E)^Etr{xxoPi''hxo} for P G M. 



(8.1) 
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Theorem 8.1. Let be a generalized Anderson Hamiltonian on L^(M''). Consider a bounded open 
interval I C M, m > 0, p > 0, and q g]0, 1[, and assume there is a scale C such that all scales L > C 
are {E, m, (^,p)-goodfor all energies E (z T. Then, for all < p < p, closed interval I <Z T with length 
\I\ < ^, and xq G M.'^, we have 



|l0g 1^2-^11 



for all Ei,E2 € /. 



(8.2) 



The proof of this theorem will use the Helffer-Sjostrand formula (see fDav! Section 2.2] and IIHuSl 
Appendix B] for details). Given g E C°°{M.), n G N, and a > 0, we define a quasi-analytic extension of g 
of order n by 



(8.3) 



where z = u + iv, (u) = (1 + \uf)K and ^ € C°°{R) such that < ^ < 1, C{u) = 1 if |u| < 1, 
^(m) = if |u| > 2. (We choose and fix ^.) We set dg„,a(^) := ■^dzgn,a{z) dwdw, with dg — du + idy, 
and |dg„_a(2)| '■— ■^\d-zgn,a{z) \ dii du. Proceeding as in the derivation of HHuSI Eq. (B.8)], we get, for all 
n e N, a > 0, and s e [0, n], 

f |dg„(z)| |3zr(^+^) < C„,s {{9}h,s,a < C„,,max{a^+\a^-"} {{g}}^ , (8.4) 



with 



{{ff}}„,.,a := E ""^'■"^"'^ / {{9}}n = {{5}}„,o,i • (8.5) 

In particular, if {{g}}„ < oo, then for any self-adjoint operator K and a > we have 

g{K) = / dgnAz){K~z)-\ (8.6) 



where the integral converges absolutely in operator norm. 

Remark 8.2. In the usual Helffer-Sjostrand formula there is no parameter a in the definition of the quasi- 
analytic extension, i.e., a = 1 in (I8.3l l (e.g., IIDavllHuSjl ). The proof of Theorem l8. ll requires the insertion 
of the parameter a in ( I8.3l l. which is then chosen according to the scale L-we will need a « \ 

Proof of Theorem \8.1\ Let rj e]0,p[ and / C X be a closed interval with length |/| < i. Without loss of 
generality we assume ry > j-^. We consider scales L > C such that dist(/, R \ I) > ^e~^^ ^ . Let II ^ I 



be a closed interval of length | | = e ^ \ so it can be written as 



with Eel. Set II = 



E-c-^' \E + c-^' 



C I. We fix hL e C° 



E-le-^'-\E+^e-^''' 
'-), < hL < I, such that 



supp/iL C /l, /iLX/i = X/i, and 



,0) 



<Cde^^'"'forj = l,2,...,d + 2, 



(8.7) 



with Cd a constant independent of L. 

Given xq £ K'^, we let J^l = yL.xg be the event that the box Al = AL(a;o) is (w, to, 77)-pgood 
(cf. Definition 13. 151) . Since all large scales L > £ are (£', to, <^,p)-good by hypothesis, we have, using 
(IXeOl l and (I5l8] i, that 



IEtr{x.of'a,(/L)X.o} < IEtr{x.o/iL(i/^)Xxo} 
with a constant Ci = C^,, iiy^- ii ,„px- 



(8.8) 
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Ifuj e J^L^A^is (uj. E. Ah . cVgoodbvLemma l3.16l (with Mi givenin ( 13.56b ). and hence hriH,., \ ^ ) — 
0. Thus, 

^T:{XxohL{H^)Xxa} ^tv{Xx„hL{H^)Xxo-XxohL{H^AL)Xxo) for w € 3^l. (8.9) 

The right-hand-side of ( |8.9l l may now be estimated by the Helffer-Sjostrand formula. We apply the 
Helffer-Sjostrand formula to hL^H^) and Hl^H^ j^^ ), with a > 1 in (18.3b to be chosen later depending on 
L. We take (/)o G C^(K), such that < 0o < 1^ '/'o = 1 on Al (xq), and supp 0o C Klj^^q{xo)- We have, 
with n € N to be chosen later (we omit n and a from the notation), 

^ yL,.o XxohL{H^)Xxo - XxohL{Hu:,AjXxo (8.10) 
dft.L(z){Xj;o^i^(2:)Xxo - XxoRu,,ALiz)Xxo} 

2 

dhL{z) {XxoRlj{z)(1)oXxo - Xxo0O^a;,Az,(^)Xa;n} 

2 
2 

where we used the geometric resolvent identity as in (12.36b . 

We now pick functions 0, G C^(M), i = 1,2, ... ,2k — 1, where fc e N will be chosen later, such that 
< < 1, (/^i = 1 on supp V0j_i, and supp (j>i C Ai^^p i_5o(2;o). Using the resolvent identity 2fc — 1 
times, noticing (j>iXxo = for « = 1, 2, . . . , 2fc - 1, and writing Xv<p = Xsupp we get 

XxoRUz)W{M - X.oi?c.(^)T^(<^2fe-i)i?c.(^)T^(02fc-2) ■ . . RUz)W{^i)RUz)Wi(t>o) (8.11) 

= {XxMz)}{Wi<j)2k-l)Ru.iz)W{^2k-2)} {X^4>2.-2R<-} 

X {W^((/'2fc-3)i?c.(2)W^('^2fe-4)} ■ . ■ {XV4>2RU^)} {W{<Pi)RU^)Wi^o)} ■ 

Given G (7^°° (R), it follows from (|Z24| | that for all u; G 



where Ci = 



||Vp-„|| 



Moreover, for all a; e R'' we have 



Xx{Hu, + l) ^ <C2<(X with fcd=[|] + l, 



the constant C2 = 



being independent of a; (cf. llKlKSl Eqs. (130)-(136)]). We have 



|(i^. + l)i?.WII<l + i±M<2 + i4^ 



Using ([02b . (I04l ) and dSJJl ). we have 
and, for all measurable sets S c Al, we get 

i + \nz\ 



\X3Ru.{z)h, <C2[2 



l + \nz\ 



(8.12) 



(8.13) 



(8.14) 



(8.15) 



(8.16) 



We now take k — kd as in ( 18.13b . and note that we can choose the functions ipi G C^{M.), i = 
0, 1, . . . , 2kd — 1 so that all C^^ < C3 = y , a constant independent of A^, From ( 18.1 lb . (18.15b and 

(18.16b . we get, for all lj e ft. 



\\Xx„RJz)W{cf>o)Ru.,Adz)Xxo\\i < CiL'"'^ [2 + 



l + \^z\ 



2fcd 



||XV0o^'^,Al(^)^2;oL (8-17) 
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with a constant C4 = (C2C|)'"^ = Q,|n/por||,c/+- 

We can now estimate tr T^. First, note that, with 1+ = supZ < 00, 

supp/iL C ^z^u + iv] ue II, \v\ < f clL+i [-f (1+) , f (1+ 
and hence (recall a > 1) 



2 H — : — I < I — — : I < TTT^ for all z G supph^, 



(8.18) 



(8.19) 



with Ci+ = 5(1 + Combining ( lOOl l. dOTj i. ( |09] l. and (gill, and using the fact that {{g}}„ in 
is monotone increasing in n, we get 



ItrT^I < 



dhL{z) \\Xx„Ruj{z)W{(f)o)R^,AL{z)Xx„\\i 



(8.20) 



2kd T dka 



l^aSsupp/ii, J 



In view of jS.Tl t and ( I8.5K we have 



,(d+2)Li-= _ 



for all a; e O. 



(8.21) 



We now ready to estimate the quantity in ( 18. 9t . We choose a = 2 (Z+)e^ , so it follows from ( 18.18b 



that 



supp ^ r~ \z — E\ < e 



(1+) < 2e- 



(8.22) 



Since rj > we may take L large enough to ensure 2e ^ ^ < e , so Lemma [3 . 161 guarantees 

that, for large L, for all u: e J^l the box is (a;, z, y, <;)-good for all z e supp /i^. Thus, for large L, 



inax_ ||xv0o^a,,Ai.(2:)Xxoll < (t + 11) c 2 4<e 10 

^Gsupp hL 



(8.23) 



It follows from ( [8^ . (I8.10b .( l8.20b . and (18.23b that for all u; e we have, again taking L lai-ge, 

tr {Xx„hL{Hu:)Xa:„} (8.24) 



2 (1+) 



d+2 



e 10-^ < e 20 J 



Combining ( 18. 8b and ( 18. 24b . we get, for large L, 



In particular, for all intervals J C I with sufficiently small length | J| , we have 



T&tr {Xx„PM)Xxo} < 2Ci|log|J| 



The estimate ( 18.2b follows. 



(8.25) 

(8.26) 
□ 



Remark 8.3. The proof of Theorem l8.1l uses the pgood boxes of Definition ^ .ISI because we need Lemma [3.16l 
It does not suffice to use good boxes. 
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A A quantitative unique continuation principle for Schrodinger op- 
erators 

In this appendix we rewrite Bourgain and Kenig's quantitative unique continuation principle for Schrodinger 
operators OBoKI in a convenient form for our purposes. We also give an application of this quantitative 
unique continuation principle to periodic Schrodinger operators, giving an alternative proof to Combes, 

Hislop and Klopp's lower bound estimate for spectral projections liCoHKlH . 

1 

We use the norm |a;| := (^J2'j=i l^jl^) ^ ~ {xi,X2, ■ ■ ■ ,Xd) € W^; all distances in will be 

measured with respect to this norm. Given x e M'' and (5 > 0, we set B{x, S) :— {y e M*^; |y — a:| < 
and B{x, S)* :— B{{x, S) \ {x}. Given subsets A and B of R"^', and a function ip on the set B, we set 
(pA ^XAnB- In particular, given x € M"* and 5 > we write ip^.s ■= fB{x 
We also set 

Ci ^e-fo ^^'it- note 2 < < Ci < e < 3. (A.l) 
A.l The quantitative unique continuation principle 

The following theorem is our version of OBoKI Lemma 3.10]. 

Theorem A.l. Let G be an open subset ofW^. Let ij] G H^(G) and C G L^(G) be real-valued functions 
satisfying 

- Ai/^ + = C a.e. on G, (A.2) 

where V is a real measurable function on G with \\V\\^ < K < oo. Fix S,Dq,D such that < | < 
Dq < D. There exists a constant m — m{d, S, Dq) > such that, given a measurable set Q d G with 
diam Q < D, and x € G such that 

i? ~ dist (a;, e) > L» and B{x,4:CiR + 2Dq) C G, (A.3) 

where Gi is the constant in (lA.ll l, we have 

(1 + K) U.Al + WCgWI > i?r™(i+^«+'°^("'^-"^"'^«"^^^))«* llV^ell^ . (A.4) 

If the open set G is bounded, the second condition in iA.3\ restricts the application of Theorem lA.il 
to sites X G G sufficiently far away from the boundary of G. When G is a box A, and ( IA.2I ) holds on A 
with either Dirichlet or periodic boundary condition, Theorem lA.ll can be extended to sites x £ A near the 
boundary of A as in the following corollary. 

Corollary A.2. Consider the Schrodinger operator H\ — Aa + V on L^(A), where A — Al(xq) — 
Xo+] — -J, ^l"^, the open box of side L > centered at xo G R*^, Aa is the Laplacian with either Dirichlet 
or periodic boundary condition on A, and V a is bounded potential on A with ||V^||oo < K < oo. Let 
ip G I?(Aa). 

(i) Fix 6, D such that < j < D, There exists a constant fh — 7Ji(d, 6, D) > such that, given a 
measurable set Q d A with diam Q < D, and a; G A such that 

B{x, I) C A and R := dist (x, 6) > D, (A.5) 

we have 

(1 + K) U^^sWl + (29Vd)' ||(ffAV^)Jl^ > i?-™(l+^*+l°4ll'AAiyiV'e||.-))Ht ||^^^||2 ^^^^ 

(ii) Let L > 2 and < S < L. Then there exists a constant fh — m{d, 5) > such that for all x £ A 
with B{x, |) C A w have 

(1 + K) U^,s\\l + (41)' ||(i?AV')All2 > U^Wl . (A.7) 
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We will prove Theorem lA.ll from Bourgain and Kenig's Carleman-type inequality estimate HBoKj 
Lemma 3.15], which we state in the next lemma. 

Lemma A.3. Consider the function w{x) = 95(|a;|) on W^, where 

ip{s) -.^ e- is s for s£[Q,oo[, (A.8) 

is a strictly increasing continuous function on [0, oo[, C°° o« ]0, oo[. /n particular, we have 

^^\x\<w{x)<\x\ for all a; G 5(0,1), (A.9) 

where Ci is the constant in dA.U . Then there are positive finite constants C2 and C3, depending only on d, 
such that for all a > C2 and all real valued functions f S C^{B(0, 1)*) we have 

3 / „..-l-2a ^2 i„ ^ ^ / „„2-2q 



aM w-'-'°'J^Ax <C3 w'-^°'{/^fYdx. (A.IO) 
Jw^ Jr'' 

We refer to OBoKI for the proof. We shall use Lemma IA.3I with a function / that is not necessarily 
smooth, but / € H^^^,. However in our case / is compactly supported away from zero, and thus we can use 
the following extension of Lemma IA3] 

Lemma A.4. Let f e H^(B(0,1)), real valued with svcpp f C 5(0,1)*. Then dA. lOt holds for all a > C2. 



Proof. The proof follows from Lemma pV. 3 1 from an approximation argument. Let / be as in the lemma, 
and pick /iG C^(M) with Jh(t)dt — 1, and set /i^(t) 77^"^ ft,(;|). Note that for 77 small enough we have 
fn'-—f*hri<E C^{B{0, 1)*). Thus, for such ?7's, Lemma lATS] applies to /jj. Then, as 77 goes to zero, frj 
converges to / in L^(M'') and A/,, — (A/) * /i^ to A/ in L^(M'^). Since w^^ is bounded above and below 
on 5(0, R) \ 5(0, S) for any S > 0, the lemma follows. □ 

We now rewrite these lemmas as follows. 

Lemma A.5. Given g > 0, there exists a function Wg{x) — (pg{\x\) on R*^, where (pg is a strictly increasing 
continuous real-valued function on [0, 00 [, C°° on ]0, oo[, such that 

cJrgM<^'si^)<-g\^\ forallx€B{0,g), (A.ll) 
and for all a > C'2 and all real valued functions f G lP(B{0, g)) with snpp f C B(0,g)* we have 

o? I Wg^'^"f^dx<C3g^ f wl-^'^iAffdx, (A.12) 



where Ci, C2, C3 are the constants of Lemma \A.3\ 

Proof. ( IA.I2I 1 follows from JA.lOl i by a change of variables, with Wg{x) — w (^^x^ . □ 

We are ready to prove Theorem lA.l l and Corollarv lA.2J 
Proof of Theorem \A.l\ Without loss of generality we assume 

I!^e|l2 = l- (A.13) 

Let xo G G satisfy ( IA.3b with R := dist (a;oi and set A := 4Ci > 4. For convenience we may 
assume Xq = 0, in which case 6 C 5(0, AR), and take G = 5(0, AR + 2Do). 

Let us consider a function 77 G C^(R'*) given by 77(.t) = Cd^^l), where ^ is an even C°° function on R 
such that 

< i{s) < 1 for all s G R, (A. 14) 

C(s) = ifeither |s| < f or |s| > yli? + Do, (A.15) 
= l if|<|s|<^i?, (A.16) 



< C4 for all s G R, j = 1, 2, (A. 17) 
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where C4 = Ci{d,S, Dq) is a finite constant (independent of A and R). Note that |Vry| < C^Vd and 
|Ar?| < C^d. 

We now apply ( IA.12b to the function rjijj with g = 2AR. Given a > C2 > 1 (without loss of generality 
we take C2 > 1), we get 



vj-^-'^'^ifi^'^ dx < \ I <-^"(A(77V))^dx (A.18) 



supp Vr? supp V?7 



where supp Vr;c{f<|x|<f}u {AR <\x\< AR + Dq}. 

It follows from (IA.2l l. recalling || V^Hq^ < K, and using also the fact that Wg <\ on supp 77, that 



(A. 19) 



We take 



so we have 



< ( w-^-^'^rj^tP^ dx + 2 [ 
Jr'' Js. 

a = aop^ where ao > max | (iSCgi^^) ' , C2 (SCiDo)"^ } , (A.20) 



a: 



> QK^. (A.21) 



SCae^ 3C3 

Using jA.lll i and ( |A.13l l, and recalling that diam Q < D < R,we have 

/ N l+2a 

Combining (lA.lSb . (IA.19b . (IA.21b . and (IA.22b . we conclude that 

< (A.23) 

4/ u;2-2" |V7y|2 IVV-I^ dx + / wl'^"{ArjfiP^dx + 2 f u;2-2a^2^2 

^suppVj? ^suppV?7 ^ supp ?7 

We have 

^ ,^ , _ da; 

{AR<\x\<AR+Do 



wl'^-^ (4|Vr,|2|VV'|V(Ar,)V) 
<Cld^(^T'' I (4|V^|^+^^)dx 
< C, ' / (C' + (1 + dx (A.24) 

= C5(2Cir-^(||CG|l2 + (l + ^)ll'^G|l2), 

where we used an interior estimate ( e.g., IIGK5I Lemma A. 2]) and C5 = C^{d, S, Dq) is a constant. 
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Similarly, 



Ai<i-i<l}^ ^ 



< Ce {Sd-'Cigf" ' / (C' + (1 + ^)^') dx 

< Ce {8S-'C,gf"~' {\\Cg\\1 + {1 + K) UoAI) (A-25) 
= Ce {m-'CiARy'^ (\\Cg\\1 + il + K) UoAI) 

= Ce {GAS'^CIrY''-' (iICgIIs + (1 + K) UoAI) , 



where Ce — Ce{d, S, Dq) is a constant. 
In addition, 



2 / wl^^WC dx < 2 (sriCie)'"-' IICgII^ - 2 {GAS-'CfRf''-' \\Cg\\1 ■ (A.26) 

SUpp 7] 



Thus, if 

2a^ 



Cil + K) UgWI {2C,r-^ < = ^ (4Ci)'+'" , (A.27) 
or, equivalently, 

a^4« > ^C5Cr'(l + K) UgWI , (A.28) 

we conclude that 

% (4Ci)'+'" (A.29) 



9C: 



3 



< Ce {6AS-'CfR)^" ^ {I + K) UoAI + {{Ce + 2) (64^1^2 i?)'" ' + C, (2Ci)'"~') HCgII^ 

< Cj iC^i?)'"-' ((1 + K) UoAl + WCgWI) , 
where we used R> D > Dq, set C7 — niax{C5, Cg + 2}, and took 

I3i = max |64, 2(5 (CiDo)"^ } • (A.30) 

It follows that 

mV^'^ <{l + K) U^Al + IICGII2 , (A.31) 
with a constants Cs = C8(d, 5, Do, Ci) > and 

/3 = i/3i(5"Vi =max|l6(5"^Ci,(2L>o)"^}. (A.32) 
Since R> D and we require (IA.20b . to satisfy (IA.28t it suffices to also require 

40o(4CiD„)t > ^^-3 ^sc\Dof C,C^'{1 + K) UgWI , (A.33) 

that is, 

ao > (4Cii?o)"^ (log 4)-^ log (^9(1 + K) UgW^) , (A.34) 
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where Cg — CQ{d, S, Dq). 

Thus we can satisfy ( IA.20I I and jA.28l ) by taking 



Q; = aii?3, with ai = Cio (^1 + if 3 + log ||?/>g||2 j , 



(A.35) 



for some appropriate constant Cio = Cio((i, (5, Dq). 

It now follows from ( IA.31I I. ( IA.32b and (IA.35b that we can find a constant m — m{d, S, Dq) > such 

that 

^-,n(l + Ki+log||^o||.)i?i < (1 + ^) + ||^^||2 

for all R> D. □ 

Proof of Cowllar\ \A.2\ Without loss of generality we take a;o = 0, i.e., A = Ai(0). We will prove the 
corollary for the case of Dirichlet boundary condition, the modifications for the (easier) case of periodic 
boundary condition will be obvious. 

Let Aa be the Dirichlet Laplacian on A, and let F be a bounded potential on A with || oo < K < oo. 
Given ip g L^(A), we extend it to a function ip £ Lf^^{R'^) by setting ip = ip on A and ^ — on 9A, and 
requmng that for all x G M"^ and j E { 1 , 2 . . . , d} we have 

(p{x) = -ip{x + {L- 2xj)ej), (A.37) 

where {ej}j^^ ^ ^ is the canonical orthonormal basis in M"^, and for each i e M we define t e] — -j, -j] by 
t = kL + fwith fc e Z. Note that if A' = Al-(O) =] - ^['^, we have 



1<^A'||2 = (2n + l)'^||<^A||2 if L' = {2n+1)L for some n S N. 



(A.38) 



We also extend the potential V to a potential V on M'' by by setting y = y on A and y = on dA, and 
requiring that for all x e M*^ and j e { 1 , 2 . . . , d} we have 



V{x) = y(x + (L-2£,-)ej). 



(A.39) 



In particular, ||y|U - ||V^|loo < K. 

Using the fact that for all eigenfunctions (p of Aa (given explicitly in BRSl Eq. (113) in Chapter XIII]) 
we have (f € C°°(R'*), we conclude that ^ e ^'(Aa) imphes ^ e H^q^(R''), satisfying 



At/j + Vip — H^tp a.e. in 



(A.40) 



Now let S, D, Q be as in Corollarv lA.2|ri)[ and set Dq = D. In view of ( IA.5b we may assume D < R < 
y/dL without loss of generahty. We take Ai = A^^ (0), with 

Li = h[[{ACi + 2)%/d]] + l]L< 29%/dL, 



(A.41) 

where [[t]] denotes the smallest integer bigger or equal to t, and we used ( lA.lb . Fix x E A satisfying ( IA.5b . it 
follows that X satisfies ( IA.3I ) with G = Ai. We now apply Theorem I A . II with G — Ai. Given ip £ 2?(Aa), 
tjj satisfies ( IA.40b on Ai, and hence ( IA.4I ) yields 





2 




2 


1px,5 


+ 




> R 




2 




2 



-m(l+A'§+log(||v.Aj|J|>Ae||;'))fl^ 



■00 



(A.42) 



with a constant m — m{d, 6, D) > 0. Taking into account ( |A.37b , ( IA.38I ), and ( |A.41b . we get ( |A.6b 

To prove Corollarv lAi^Tn)] let L > 2, < ^ < i, and a; e A with B{x, |) C A. We take A2 = A^., (0), 
with 

L2 = (2[[(6Ci + 3)]] + l)L<41L, (A.43) 

where we used (lA.lb . We let Qx = A + 2Le'-^^ C A2, where e*-^' G 2 chosen such that 

R :— dist {x, Q^) G [L, It follows that x satisfies ( |A.3b with G — A2, so we apply Theorem lA.il 
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with G = A2, Dq = ^, D = L, and 6 = 9^;. Given e X'(Aa), ip satisfies (|A.40t on A2, we have 
llV'elb = ||^a||o. and hence ( IA.4b vields 



(l + K) 





2 




2 




+ 




> 




2 




2 



3 At 



II^aIU, (A.44) 



with a constant m' = m'(d, 5) > 0. Using (IA.37b . ( IA.38I ). and (IA.43I I, we get dAJl ) □ 

A.2 Application to Schrodinger operators with periodic potentials 

Consider the Schrodinger operator H = —A + ^ on L^(M''), where A is the d-dimensional Laplacian 
operator and F is a bounded periodic potential with period q > 0, i.e., periodic with respect to the group 
qZ'K Without loss of generality we assume inf a{H) = 0, i.e., G ciH) C [0, oo[. 

Given S e]0, q], we set bs = Xb{q s.)^ ^"d consider the g-periodic bounded operator Ws on L'^(R'^) 
given by multiplication by the function 

Ws{x)^ bs{x-m). (A.45) 

We also consider the corresponding finite volume operators. Given L e qN, we set Hl = — A^ + V 
on L^(A/^, dx), where = A/^(0). is the Laplacian with periodic boundary condition on A^^, which 
we identify with the torus jLI^ in the usual way. We will also write — H. 

Combes, Hislop and Klopp | CoHKl', Section 4] proved that for every compact interval / there exists a 
constant Ci^s — Cd,v,i,s > 0, such that for all L e qN U {00} we have 

Xi{Hl)WsXi{Hl) > Ci,sXi{Hl). (A.46) 

Their proof relies on the unique continuation principle for Schrodinger operators, and for this reason does 
not provide much information on the constant C/ ,5 > 0. We will show that the quantitative unique contin- 
uation principle can be used to prove a modified form of their result with control of the constant. 

Theorem A.6. Let H = —A + V be a periodic Schrodinger operator on L^(IR'') as above, with period 
q > 2, and let Ws be as in ( IA.45I ). Given Eq > 0, set Kq = Eq + \\V\\^. There exists a constant 
m = fh{d, 6) > 0, such that, defining j > by 

7^ = 1(41)-% V °r , (A.47) 
for any closed interval I C [0, Eq] with \I\ < 27 and any scale L G qN U {00} we have 

Xi{Hl)WsXi{Hl) > iAlf-f^{l + Ko)-'XiiHL). (A.48) 

Proof. We will need to review Floquet Theory (see [RS, Section XIII. 6]). We let Q = Aq{0) be the basic 
period cell, Q — A i^r (0) the dual basic cell. We define the Floquet transform 

J':L'^{R'^,dx)-^J^ L^{Q,dx)dk^ L^ (Q,dk;L^{Q,dx)^ (A.49) 



by 



d 

{F^){k, x) = ' ^ e-*™V(^ - "i), xeQ,k€Q, (A.50) 



if has compact support; it extends by continuity to a unitary operator. 

The (/-periodic operator H is decomposable in this direct integral representation, more precisely, 

FHF* ^ I HQ{k)dk, (A.51) 
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where for each fc e K'^ we set HQ{k) — —AQ{k) + V, where AQ(fc) is the Laplacian on Q with k- 
quasi-periodic boundary condition, i.e., defined on functions of the form ip{x) = e~^^'^ip{x) with Lp a 
periodic function on Q. Note that Hq{0) — Hq. Moreover, If p e ^Z"*, then for all fc S R'^ we have 

Hqik+p) = e-'P'=HQ{k)e'P''. 

If L £ qN, similar considerations apply to the operator Hl, which is q-periodic on the torus Al = 
R''/LZ<^. The Floquet transform 



(A.52) 



is a unitary operator now defined by 



(A.53) 



where a; e Q, k e ^I'^nQ,^} e L^{AL,dx), and V'Gx — to) is properly interpreted in the torus A^. We 
also have 



HQ{k). 
It follows that for any bounded Borel function / we have 



(A.54) 



TfiH)T* = r f{HQik))dk, TLfiHL)Tl= fiHQ{k)). (A.55) 

Let us fix S €]0,q] and Eq > 0. We set Ka = \\V\\^ + Eq, so \\V - E\\^ < Ka for all E G Iq. 
Given k G Q,we consider the Schrodinger operator HQ{k) on L^(Q), and proceed similarly to the proof 
of Corollarv lA.2|rii)| Since we have fc-quasi-periodic boundary condition, we extend a function G ^^{Q) 
to a function Ip e LfQj.(IR'^) by requiring ip — on Q and ip{x + m) — e^*'^ "'(^(x) for all a; e M'' and 
TO e ql'^. If e V{AQ{k)), then € Hf^cC^^'*) ™d we have 



All; + Vip ^ HQik)^; a.e. in 



(A.56) 



We apply Theorem lA. 1 1 with G — A^^ (0), where L2 is given in (IA.43I I (recall L — q). Proceeding as in the 
derivation of ( IA.44l i and iA.ll . using g > 2, we get 



(1 + i^o) {bs^)Q +(41)' ((i/Q(fc)-i?)V)( 



> 



\^q\\ 



for all E e [0, Eq], with a constant m = m{d, 6) > 0. 

We now take I = [E - e, E + e] C [0, Eq]. If ijj = Xi{HQ{k))ilj, we have 



((i7Q(fc)-i?)^)Q <e||7/^Q||2, 



and it follows from ( |A.57| i that 



+ (65^)0 +e'(41)^|!V'Ql!2>9 



iiv'qIi: 



Thus, if £ < 7, where 7 is given in ( IA.47I ). we get 



(1 + ifo) (W^) 



i^Qii^ = (4ir7'iiV'Qii 



2 ' 



that is. 



Xi{HQ{k))bsXi(HQ{k)) > (41)S'(l + ifo)-'X/(i^Q(fc)). 



(A.57) 



(A.58) 

(A.59) 

(A.60) 
(A.61) 
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Given an interval /, we have 

T{XiiH)WsXi{H)}T* ^ r {Xi{HQ{k))bsXi{HQ{k))} dk, (A.62) 

and, for L e qN, 

J'l{Xi{Hl)WsXi{Hl)}TI= {Xi{HQ{k))bsXi{HQik))}. (A.63) 

fee 2^2dnQ 

Thus for I = [E - e,E + e] C [0, Eq], with e < 7, it follows from (lA^TT i. (Ia!62] i. and (IA33T i, that for all 

L e gN U {00} we have 

XiiHL)WsXiiHL) > (41)S'(l + ^o)"'X/(-ffL), (A.64) 
so we proved ( IA.48I I. □ 
Remark A.7. Note that ( IA.48I I holds for / = [0,Ei] where 

= 2(41)"% V ^" W . (A.65) 

Note that this equation has a solution Ei > 0. 
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